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Abstract— We develop reinforcement learning (RL) bound-
ary controllers to mitigate stop-and-go traffic congestion on
a freeway segment. The traffic dynamics of the freeway seg-
ment are governed by a macroscopic Aw–Rascle–Zhang (ARZ)
model, consisting of 2 × 2 quasi-linear partial differential
equations (PDEs) for traffic density and velocity. The boundary
stabilization of the linearized ARZ PDE model has been solved
by PDE backstepping, guaranteeing spatial L2 norm regulation
of the traffic state to uniform density and velocity and ensuring
that traffic oscillations are suppressed. Collocated proportional
(P) and proportional–integral (PI) controllers also provide sta-
bility guarantees for allowable control gains and are always
applicable as model-free control options through gain tuning
by trial and error, or by model-free optimization. Although
these approaches are mathematically elegant, the stabilization
result only holds locally and is usually affected by the change of
model parameters. Therefore, we reformulate the PDE boundary
control problem as an RL problem that pursues stabilization
without knowing the system dynamics, simply by observing the
state values. The proximal policy optimization (PPO), a neural
network-based policy gradient algorithm, is employed to obtain
RL controllers by interacting with a numerical simulator of the
ARZ PDE. Being stabilization-inspired, the RL state-feedback
boundary controllers are compared and evaluated against the
rigorously stabilizing controllers in two cases: 1) in a system
with perfect knowledge of the traffic flow dynamics and then 2) in
one with only partial knowledge. We obtain RL controllers that
nearly recover the performance of the backstepping, P, and PI
controllers with perfect knowledge and outperform them in some
cases with partial knowledge. It must be noted, however, that the
RL controllers are obtained by conducting about one thousand
episodes of iterative training on a simulation model. This training
cannot be performed in a collision-free fashion in real traffic, nor
convergence guaranteed when training. Thus, we demonstrate
that the RL approach has learning (i.e., adaptation) potential for
traffic PDE systems under uncertain and changing conditions,
but RL is neither simple nor a fully safe substitute for model-
based control in real traffic systems.
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I. INTRODUCTION

TRAFFIC congestion has been an inescapable problem in
large and growing metropolitan areas across the world.

Among various traffic congestion phenomena, stop-and-go
traffic [7], [11], [15], [43] is a common variety that appears
every day in congested freeways, causing unsafe driving
conditions, more fuel consumption, and emissions. Traffic
congestion is characterized by the propagation of oscillatory
waves on roads and is caused by delayed driver response.
Freeway traffic management usually relies on static road
infrastructure to regulate traffic flow, such as ramp metering
and varying speed limits (VSLs).

Depending on the employed traffic model and control objec-
tives, numerous model-based traffic control strategies have
been developed using Lyapunov stability analysis. Macro-
scopic traffic modeling is particularly well-suited to control
design since it describes the overall spatial–temporal dynamics
of traffic flow on a freeway segment. The state variables of
the model are aggregated traffic values. They are continuous
in time and space, easy to be measured and to be regulated in
transportation management. The first-order hyperbolic partial
differential equation (PDE) model by Lighthill, Whitham,
and Richards (LWR) [36], [40] is a conservation law of
traffic density, describing the formation and propagation of
traffic density waves on the road. The oscillatory, unstable
behaviors observed in stop-and-go traffic require a higher-
order model rather than the static LWR model. The second-
order Aw–Rascle–Zhang (ARZ) model [3], [57] addressed this
issue by adding another PDE for the velocity state, leading
to a 2 × 2 nonlinear coupled hyperbolic PDE system. Fan
and Seibold [14] compared the data-fit LWR and ARZ model
and found out that the second-order ARZ model is signifi-
cantly more accurate in predicting traffic velocity. Therefore,
we examine the state-of-art ARZ model to capture stop-and-
go traffic oscillations in this article, and study the boundary
control problem.

A. Lyapunov-Based Control Approach and Challenges
The control of traffic PDE models using VSL and ramp

metering has been addressed by two categories of research.
The first category reduces the infinite-dimensional traffic PDE
model to discrete models, and then applies optimal and feed-
back control approaches. Gomes and Horowitz [22] proposed a
cell-transmission model (CTM) derived from the LWR model.
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Papageorgiou et al. [37] proposed the “METANET” model
which is discretized from the second-order traffic model.
Feedback control strategies have been proposed for ramp
metering controllers such as Asservissement Linéaire d’Entrée
Autoroutière (ALINEA), a local feedback ramp-metering strat-
egy in [38] for PI-ALINEA in [50]. Optimal control [10], [22]
and model predictive control [6] have also been widely studied
for ramp metering control of freeway traffic systems. A more
comprehensive survey is recently conducted in [44].

Many recent efforts [5], [7], [26], [52], [53]–[56], [58]
focused on developing feedback control strategies directly
for the macroscopic traffic PDE models, instead of their
approximated versions. The Lyapunov approach was applied
for stability analysis. In a nutshell, the Lyapunov-based con-
trol approach for traffic PDE models consists of two steps:
1) obtain the state-feedback controllers through various control
design methods and 2) use Lyapunov analysis to study the
closed-loop system dynamics.

Studies that examine the first-order LWR model include [5],
[27], [55], [56], and all investigate the traffic bottleneck prob-
lem. Predictor feedback control laws were designed to com-
pensate the delay of PDE, i.e., the linearized LWR model [5],
[55]. Extremum seeking, a non-model based real-time adaptive
control method was used in [56] to find the unknown optimal
density of the bottleneck area. In [27], stabilization of a
spatially uniform equilibrium profile for the LWR model was
obtained under in-domain VSL control. All of these studies
achieved closed-loop stability using Lyapunov analysis.

Studies that examine the second-order ARZ model
include [26], [52], [58], and this article. In [26], a nonlinear
boundary feedback law was designed that controls the inlet
flow and achieves global stabilization for a modified second-
order ARZ model. Proportional–integral (PI) controllers were
designed in [58] for inlet traffic flow rate control through ramp
metering and outlet velocity control through VSL. In [52],
a backstepping controller was developed for ramp metering
at the outlet, to regulate upstream traffic. A collocated P
controller was also proposed for inlet flow control of the down-
stream traffic. The aforementioned control designs are repre-
sentatives of boundary control of hyperbolic PDE systems, and
guarantee Lyapunov stability of the closed-loop system.

Despite differences between the control design approaches,
the key idea behind each method is similar. Namely,
each method analyzes the particular structure of the PDE
system to design a boundary feedback control law and
then uses Lyapunov analysis to obtain closed-loop stability.
Zhang et al [58] analyzed PI boundary controllers for the
linearized and homogeneous ARZ model and exponential sta-
bility of the closed-loop system was obtained using Lyapunov
stability analysis. A boundary controller for the linearized
inhomogeneous ARZ PDE is developed in [52] and [53].
A linear backstepping state-feedback controller and a static
boundary feedback controller were proposed to achieve L2

norm stabilization of traffic oscillations in finite time.
Although model uncertainty and nonlinearity have been

studied for control of discrete traffic systems [17], [25],
these challenges remain for the Lyapunov-based controllers
for macroscopic traffic PDE models.

1) Nonlinearity: The backstepping, P and PI boundary
control methods discussed above are developed for lin-
earized PDEs. Thus only local stabilization is guaranteed
for the nonlinear system. The linearization approach may
fail for large perturbations from the linearization point.

2) Model Knowledge: Both model-based designs (e.g., PDE
backstepping) and model-free designs (e.g., PI control)
involve gain selection subject to certain theoretically
determined bounds, which require some knowledge of
the system such as real-time full state measurements as
well as model parameters that characterize the overall
system dynamics. The parameter values are usually
obtained by calibrating the PDE model with traffic field
data. This model calibration process can be laborious,
and specific to certain traffic conditions. In addition,
the deterministic traffic PDE model cannot address ran-
dom events such as traffic accidents, changes in road
attributes, and so on.

3) Adaptive Optimization: Besides traffic flow stabilization,
there are other relevant performance metrics, including
fuel consumption, travel time, and so on. When another
objective is considered, then one needs to re-formulate
and re-design the controller with a Lyapunov-based
approach. Different design tools might be required. It is
desirable to have an approach with modest tuning that
can adapt to various problems and objectives arising in
traffic systems.

The challenges mentioned above can be addressed by rein-
forcement learning (RL). This model-free approach relies on
few assumptions about the system, including being agnostic
about nonlinearities. From a control law perspective, RL pro-
duces a neural network-based feedback controller that maps
observations (states) into actions (control inputs) through
training the networks. An RL formulation to the traffic control
problem has the potential to enable an expert-free traffic
management system, in the sense that it does not require expert
knowledge of the system dynamics or a control-theoretic train-
ing. Neural networks are used as parametric approximators for
functions of states whose weights are updated automatically
to learn the optimal control action. The model complexity
and identification process faced by Lyapunov-based controllers
are circumvented. RL controllers are trained to maximize
the reward function, which in this article is chosen as the
L2 spatial norm of states to achieve stabilization. However,
the proposed formulation can be easily adapted for different
objectives by changing the reward formulation.

Extremum seeking, a real-time adaptive optimization tech-
nique, is an alternative to RL for tuning controller gains in
a model-free fashion. The algorithms in [20], [29], and [30]
can be applied for offline learning of feedback laws based
on simulation models, as with RL and the ARZ model in
this article. In contrast, the algorithm in [39] is designed
for online tuning of feedback laws. In extremum seeking,
a small excitation is used to perturb the feedback gains being
tuned and to produce estimates of the gradient of a cost
function. Convergence to a neighborhood of the optimal gain
values is proven by means of averaging analysis and singular
perturbation theory. Similarly, the adaptive PDE backstepping
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control design in [52] achieves output feedback stabilization
with gradient-based estimators for some unknown model para-
meters. In this article, we employ the RL boundary control
approach to deal with the nonlinear ARZ model with uncertain
steady-state conditions, which has not been studied before.

B. RL Boundary Control Approach

Recent developments in RL have enabled model-free control
of high-dimensional continuous control systems. Model-free
RL control does not require any prior knowledge of the model
structure, nor model calibration. Instead, the control input is
obtained by iterative interactions with a simulator of the system
dynamics. Thus, the PDE boundary control problem is formu-
lated as an RL problem, requiring minimal assumptions on the
infinite-dimensional system yet in practice obtains reasonably
good controllers through a completely data-driven process.

Learning-based methods have drawn attention from both
the PDE modeling community and transportation researchers.
Algorithms for solving high-dimensional parabolic PDE sys-
tems were derived using deep learning in [23] by refor-
mulating the PDEs as stochastic differential equations and
approximating the gradient of unknown solutions with deep
neural networks (DNNs). More recent work in [49] proposed
RL-learned numerical solutions for scalar conservation laws
that autonomously generate accurate numerical schemes for
various situations. For the PDE control problem, bound-
ary control of time-varying 2-D convection-diffusion PDEs
with an application for heating, ventilating, air condition-
ing (HVAC) control design was developed in [16] and [18].

In the domain of traffic management, researchers have been
applying RL to various traffic problems. Different levels of
traffic modeling are employed, depending on the problem.
For example, Li et al. [33] examined traffic light signal
timing at one intersection using deep Q-learning with a traffic
simulator, Paramics, which is based on microscopic traffic
models. Studies on the traffic signal scheduling problem
were further extended to multi-agent control for five centrally
connected traffic intersections [2], which was described with a
traffic queuing model. The article [13] used a multi-agent RL
algorithm to control the traffic light around a traffic junction.
The authors proposed a framework where each agent was able
to switch between independent and integrated modes in which
the agent solved the multi-agent RL problem using modular
Q-learning. Wu et al. [51] formulated a deep RL framework
for mixed-autonomy traffic in some experimental scenarios
using the traffic microsimulator Simulation of Urban MObility
(SUMO). Under the same framework, [48] developed RL
controllers for connected autonomous vehicles to de-congest
traffic bottlenecks.

There are few RL works related to macroscopic traffic mod-
els in the literature, although the PDE model is particularly
well-suited for modeling congested traffic flow patterns. The
reason is that RL control of PDEs involves high-dimensional
state spaces which makes the approximation of value functions
challenging. Belletti et al. [8] considered the cell transmission
model which is obtained from discretization of the LWR
first-order PDE model. An RL-based controller was designed

using different policy gradient methods, such as REINFORCE,
trust policy optimization (TRPO), and the truncated natural
policy gradient (TNPG) algorithm. Incoming traffic flow is
actuated by the RL controller such that the traffic flow is
optimized for some target outflow. Our work on RL control
differs on the traffic problem to be solved, the model being
used, and the methodology being employed, which guides
our study and analysis from a very different perspective.
We focus on the stabilization problem and examine a second-
order PDE model to describe stop-and-go traffic oscillations.
The resulting RL controllers are tested, and we examine under
what circumstances RL could be a better choice relative to a
Lyapunov-based PDE controller.

C. Contribution

We formulate a state regulation control problem for the
ARZ PDE model via boundary control. Then, we develop an
RL control approach based on the proximal policy optimiza-
tion (PPO) algorithm, which falls within the class of policy
gradient methods. PPO ultimately yields a state-feedback
boundary controller from iterative interactions with a sim-
ulation environment, as opposed to direct synthesis from a
mathematical model. The performance of the RL controller is
compared with a PDE backstepping controller, a P controller,
and PI controllers.

Interestingly, RL controllers nearly recover the stabilization
performance of the Lyapunov-based PDE control approaches
for a system with perfect knowledge of the model. How-
ever, in a system with partial knowledge where the steady-
state traffic is lighter or denser than what we assumed in
constructing Lyapunov-based controllers, the RL controller
obtained from a stochastic training process outperforms the
Lyapunov-based controllers. However, it must be noted that
the RL controllers are obtained by conducting about one thou-
sand training episodes on a simulation model. Collision-free
training is not possible in real-life traffic, nor is the iterative
training guaranteed to converge. Although RL demonstrates
learning (i.e., adaptation) potential under uncertain and chang-
ing conditions, it is neither simple nor a fully safe substitute
for model-based control in real traffic systems. For real-world
implementation, it is an active research area to develop safe
RL strategies with some safety constraints guaranteed. Readers
are referred to a more exhaustive review on this topic [21], and
constrained policy optimization approach [1].

The contributions of this article are twofold: first, although
several Lyapunov-based boundary controllers have been
designed for the linearized ARZ model, there is no result
for control of the original nonlinear ARZ model. This moti-
vates the RL control in this article, which provides the first
native controller for a nonlinear ARZ PDE model, to the
best of our knowledge. Second, the performance of the RL
controllers are compared with PDE backstepping, P, and PI
controllers for stabilization of stop-and-go traffic, and are
assessed for different scenarios. By evaluating performance
with full knowledge of the dynamics and one with partial
knowledge, we demonstrate via several numerical simulations
under what circumstances RL could be a better choice from a
traffic application perspective.
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The outline of this article is as follows. Section II sum-
marizes the ARZ traffic flow model and the Lyapunov-based
boundary controllers. Section III details the RL approach for
boundary control of the ARZ PDE model. Section IV includes
the comparative analysis and numerical results, comparing
the closed-loop performance of setpoint boundary inputs,
backstepping, P, and PI controllers in different scenarios. The
conclusion summarizes the main results and discusses future
work.

II. PROBLEM STATEMENT

A. ARZ PDE Traffic Model

We consider the ARZ PDE model to describe the traffic
dynamics on a freeway segment [3] [57]. The state variables
are traffic density ρ(x, t) and traffic speed v(x, t), defined on
the domains x ∈ [0, L], t ∈ [0, T ]

ρt + (ρv)x = 0 (1)

(v − V (ρ))t + v(v − V (ρ))x = V (ρ) − v

ς
(2)

where (·)z is short-hand notation for the differential operator
∂/∂z. Parameter ς is the relaxation time, and captures how
quickly drivers adjust their velocity to the equilibrium. The
equilibrium velocity-density relationship V (ρ) is a decreas-
ing function, e.g., the linear Greenshield’s model V (ρ) =
vm(1 − (ρ/ρm)) representing the reduction of velocity with
the increase of density where vm is maximum velocity and ρm

is maximum density on the freeway road. The traffic flow rate
is defined with

q = ρv. (3)

Our control objective is to regulate the state around an
equilibrium reference state (ρ�, v�), where

v� = V (ρ�) (4)

satisfies the equilibrium density and velocity relation.
We choose the density ρ� such that the reference system
(ρ�, v�) is in the congested regime for dense traffic, which can
be characterized by the two characteristics of the linearized
PDE model [52]

λ1 = v� > 0 (5)

λ2 = v� + ρ�V �(ρ�) < 0. (6)

The first characteristic is always greater than 0. When traffic
is light, λ2 > 0 is satisfied. When traffic is dense, then
λ2 < 0 and in this regime there can be upstream propagation
of oscillations in the states. This can also be characterized with
the traffic Froude number (TFN) in [8]. Consequently, we have
hetero-directional propagation of oscillations in congested traf-
fic. The density oscillations are carried downstream by vehi-
cles while the velocity oscillations are transported upstream.
Intuitively, drivers are mostly affected by vehicles driving
in front of them. The stop-and-go traffic is characterized by
oscillations, caused by delayed driver reaction to vehicles in
front of them. As shown in Fig. 1, the control inputs Uin and
Uout are transported from the actuated boundaries to in-domain
states with the two characteristic speeds, respectively.

Fig. 1. Stabilization of stop-and-go traffic on freeway with ramp metering
located at boundaries of the segment.

B. Boundary Control Design

Our control objective is L2 regularization of the density
and velocity states to uniform steady-state values by ramp-
metering on the boundary. The oscillations can occur due
to delayed driver response without ramp-metering control.
In order to reduce oscillations in congested traffic, we actu-
ate traffic flow from the upstream inlet and downstream
outlet of the freeway segment, using on-ramp metering as
shown in Fig. 1. Alternatively, one can actuate velocity by
installing VSLs.

Boundary control algorithms are designed to stabilize the
traffic around the reference steady state. For the ARZ PDE
model, the control design guarantees that the state variables
(ρ(x, t), v(x, t)) are regulated to the reference system (ρ�, v�)
in the spatial L2 norm, i.e.,

||ρ(x, t) − ρ�|| → 0 (7)

||v(x, t) − v�|| → 0 (8)

where || · || is the spatial L2 norm, i.e., || f (x, t)|| =
(
∫ L

0 f 2(x, t)dx)1/2.
For the segment of freeway traffic, boundary actuation is

implemented with ramp metering controlling the traffic flow
rate entering from the on-ramp to the mainline. Both inlet and
outlet flow rates can be controlled through ramp metering

ρ(0, t)v(0, t) = Uin(t) (9)

ρ(L, t)v(L, t) = Uout(t). (10)

We denote the boundary control inputs of different strategies
with Uin,�(t), Uout,�(t), where � represents the name of the
control design. In practice, there will be off-ramps on the free-
way. For example, if we consider there is off-ramp at the outlet
x = L of the studied segment, boundary disturbances induced
by some off-ramp traffic flow can be included in (10). Robust
control designs of the hyperbolic PDE system are needed for
the rejection of such boundary disturbances. Interested readers
can refer to [4], [35], and [46]. As summarized in Table I,
the Lyapunov-based boundary control algorithms consist of
setpoint boundary inputs, backstepping PDE control [52],
proportional [52], and PI control [58]. Despite different actua-
tion locations and assumptions, three different state-feedback
controllers achieve Lyapunov stabilization of the PDE system
by collectively shifting the linearized PDE eigenvalues onto
the open left half-plane. The control gains used for the back-
stepping method are computed numerically [52]. The static
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TABLE I

LYAPUNOV-BASED BOUNDARY CONTROL DESIGN

proportional gain in inlet control is derived by solving the
linearized PDE system analytically [52]. The static PI gains
in PI control are obtained through trial and error. It should be
noted that the proposed controllers are continuous in time. For
practical implementation of the ramp metering, data sampling
strategies are needed to modulate the control signals that are
continuous in time into binary ones for the traffic PDE model.
A preliminary result can be found in [12].

1) Setpoint Control: We simply limit the outgoing flow
rate to be the setpoint state value as the boundary control.
The setpoint control is open-loop control which does not use
feedback of the system. This simple method is considered as
a baseline case to compare against more sophisticated control
designs. The constant incoming and outgoing flow rate at the
boundaries are implemented as

Uin,O(t) = q� (11)

Uout,O(t) = q� (12)

where q� = ρ�v� is the reference steady-state flow rate. The
ARZ PDE system with this setpoint control can be unstable
(in the linear sense) for certain combinations of q� and model
parameters V (ρ) and ς [53, Sec. III].

2) PDE Backstepping Control: The backstepping controller
produces a full-state-feedback control law located at the outlet
boundary. The control design is developed in [52] for the
linearized ARZ PDE model, and is applied to the original non-
linear ARZ model. For initial conditions near the reference, the
system is locally exponentially stable under outlet actuation.
The backstepping method is used to construct the full-state-
feedback control law [28]. The key idea of the backstepping
method is to transform the original linearized ARZ model
to a target system where the undesirable instabilities in the
PDEs are transformed to the outlet boundary. The controller
is designed such that the instability is canceled out and an
exponentially stable target system with zero boundary input is
obtained for the closed-loop system.

The boundary condition at the inlet, and the full-state-
feedback outlet backstepping controller are given by

Uin,BKST(t) = q� (13)

Uout,BKST(t) = q� + ρ�

∫ L

0
cv (ξ)(v(ξ, t) − v�)dξ

+
∫ L

0
cq(ξ)(q(ξ, t) − q�)dξ (14)

where the control gains are given by cv(ξ) = M(L − ξ) +
(λ2/λ1)K (L, ξ) exp(ξ/ςv�), cq(ξ) = ((λ1 − λ2)/λ1)K (L, ξ)
exp(ξ/ςv�) for ξ ∈ [0, L]. The control gain kernels K (L, ξ),

M(L − ξ) are obtained by solving hyperbolic equations that
govern the kernel variables K (x, ξ) in a triangular spatial
domain T = {(x, ξ) : 0 ≤ ξ ≤ x ≤ 1}. The numerical
solution of the kernel equations is easily obtained, given the
model parameters and steady states. The equilibrium (ρ�, v�)
of the linearized system is exponentially stable in the L2 sense
and the equilibrium is reached in a finite time.

Theorem 1 [52, Th. 2]: Consider system (1) and (2) lin-
earized around (4), initial conditions (ρ(x, 0), v(x, 0)) ∈
L2([0, L]) and the control laws (13), (14). The equilibrium
(ρ�, v�) of the linearized system is exponentially stable in
the L2 sense and the equilibrium is reached in a finite time
t = (L/|λ1|) + (L/|λ2|).

The proof of Theorem 1 is detailed in [52], using Lyapunov
analysis.

3) P Control: The proportional controller is an output-
feedback control law that actuates traffic flow rate at the
inlet boundary, as proposed in [52]. The control input only
requires online measurements of velocity at the inlet boundary,
collocated with the actuation location. The key intuition of the
control design is to cancel the forward coupling in the system
and then the closed-loop system can be directly solved. Local
exponential stability and finite-time convergence is guaranteed.
The boundary condition at the outlet is a constant flow rate
and the inlet boundary is actuated by the collocated output-
feedback controller

Uin,L(t) = q� + gP(v(0, t) − v�) (15)

Uout,L(t) = q� (16)

where gP = ρ� + v�/V �(ρ�) is a constant control gain.
Theorem 2 [52, Th. 1]: Consider system (1) and (2) with

initial conditions (ρ(x, 0), v(x, 0)) ∈ L2([0, L]), linearized
around (4) and the control law (15), (16). The equilibrium
(ρ�, v�) of the linearized system is exponentially stable in
the L2 sense and the equilibrium is reached in a finite time
t = (L/|λ1|) + (L/|λ2|).

4) PI Control: In the PI controller, feedback control is
applied to both the inlet and outlet boundary values. The PI
boundary feedback controllers are proposed in [58] for the
linearized ARZ model, which guarantees local exponential
stability of the closed-loop system. The exit velocity at the
outlet is controlled such that v(L, t) = Uout,PI(t). Ramp
metering controls the incoming flow rates, given by

Uin,PI(t) = q� + kr
P(ρ(L, t) − ρ�) + kr

I

∫ t

0
(ρ(L, t) − ρ�)ds

(17)

Uout,PI(t) = v� + kv
P(v(0, t) − v�) + kv

I

∫ t

0
(v(0, t) − v�)ds

(18)

where kv
P , kv

I , kr
P , kr

I are tuning gains. For this anti-collocated
output-feedback structure, a set of linear matrix inequalities are
given for allowable control gains that guarantee Lyapunov sta-
bility. Within these conditions, the specific values are obtained
through trial and error, as detailed in [58].

Theorem 3 [58, Th. 1]: Consider system (1) and (2)
linearized around (4) and the control laws (17), (18).
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Algorithm 1 Boundary Control Scheme

Algorithm 2 RL Control Procedure

The equilibrium ρ(x, t) ≡ ρ�, v(x, t) ≡ v� of the linearized
system is exponentially stable in the L2 sense.

All of the aforementioned controllers are designed from
the linearized ARZ model, and therefore the stabilization
guarantees are local. In addition, model uncertainty has not
been taken into consideration, such as random events that
frequently appear in traffic. This motivates us to explore an
RL approach.

III. CONTROL OF ARZ MODEL WITH RL

In this section, we introduce an RL approach for boundary
control of the nonlinear ARZ traffic flow model. Although
explicit knowledge of the PDE model is not required, RL con-
siders that the traffic dynamics are governed by a Markov
decision process (MDP). In particular, we will use a policy
gradient method since they are applicable to continuously
valued control actions.

A. Boundary Control of PDE as an MDP

In the MDP setting, we seek the policy that maximizes the
total reward received from the environment, i.e., the plant.
At each time step t the environment conditions are described
by a state vector, st ∈ S, where S is the state space while
the control policy picks an action at ∈ A, with A being

the action space. The control policy is a full state feedback
control law that selects an action at based on an observation of
the state st . The action is applied to the environment, whose
state evolves to st+1 ∈ S, according to the state-transition
probability P(st+1|st , at), and the agent receives a scalar
reward r t+1 = r(st , at ). The policy is represented by π which
maps the state to the action and can be either deterministic
or stochastic. The total discounted reward from time t onward
can be expressed as

Rt =
∞∑

k=0

γ kr(st+k, at+k) (19)

where γ ∈ [0, 1] is the discount factor. Note, we have
abused notation by allowing t to represent both continuous
and discrete-valued times. Nevertheless, the meaning will be
clear from context.

The implementation of the RL controller is summarized
in Algorithm 1. We represent the state at time t with st =
(ρ(·, t), v(·, t)). When the nonlinear ARZ model is boundary
actuated, then it naturally forms a sequential decision-making
problem, which is modeled as an MDP.

We consider a discretized approximation of the nonlinear
ARZ PDE model using the Lax–Wendroff scheme [32] with
conservative state variables. The discretized ARZ PDE model
is a difference equation which numerically approximates the
infinite-dimensional PDE model with second-order accuracy
in space and time. The solution ρ(x, t) and v(x, t) to the
ARZ PDE model is approximated by piecewise constant
functions on discretized temporal and spatial domains. The
solution domain is [0, L] × [0, T ]. The discretization resolu-
tion 
t = T/(N − 1) and 
x = L/(M − 1) are chosen such
that the Courant–Friedrichs–Lewy (CFL) condition is met,
i.e., 
t ≤ c
x , where M, N are the number of nodes for the
spatial and temporal domains, respectively, and c is defined as
the maximum characteristic speed of the nonlinear hyperbolic
ARZ PDE model (
x/
t) ≥ max |λ1,2|. We can compactly
write the discretized nonlinear ARZ PDE system (1) and (2)
as the following difference equation:

st+1 = f (st , ut ) (20)

where st describes the density and velocity state at time
t , and ut represents the boundary control inputs, depending
on the choice of control design in Table I. The function
f represents the discretized deterministic dynamics for the
temporal evolution of the PDE system. The PDE dynamics at
the current time instant are fully described given the current
state st and control inputs ut .

Given the discretized ARZ PDE in (20), we may write the
deterministic dynamics as

P(st+1|st , at ) = δ(st+1 − f (st , ut )) (21)

where δ(·) is the Dirac delta function. In the MDP,
P(st+1|st , at ). represents the probability that action a in state
s at time t will lead to the state at time t+1. Therefore, if there
is stochasticity in the dynamics, such as some random model
parameters, as introduced later in our article, the deterministic
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temporal evolution of the PDE system can be generalized to
stochastic dynamics by the MDP state transition probability

st+1∼P(st+1|st , at). (22)

The discretized states, st , and boundary control input, at

are written as

st = [ρ(0, t), ρ(
x, t), . . . , ρ(L, t),

v(0, t), v(
x, t), . . . , v(L, t)]
 (23)

at = [q(0, t), q(L, t)]
 (24)

where ρ(·, t) and v(·, t) are the traffic density and velocity
that are discretized in the spatial and temporal domains.

The reward r(s, a) is defined by the L2 norm of the states,
namely

rt (st , at) = −
∥∥∥∥�i ρ(i · 
x, t) − ρ�

ρ�

∥∥∥∥
2

−
∥∥∥∥�iv(i · 
x, t) − v�

v�

∥∥∥∥
2

. (25)

The reward is equivalent to the control objective that
achieves regulation of the traffic states to a spatially uniform
density and velocity.

B. RL Background

In the following, we briefly review some essential RL con-
cepts to aid the subsequent discussion. A thorough exposition
can be found in [9] and [45].

The state value function, V π (st ) is the expected total
discounted reward starting from state st . In the controls
community, this is sometimes called the cost-to-go, or reward-
to-go. Importantly, note that the value function depends on
the control policy. If the agent uses a given policy π to select
actions starting from the state st , then the corresponding value
function is given by

V π (st ) = E

[
Rt | st

]
. (26)

Then, the optimal policy π∗ is the policy that corresponds
to the maximum value V ∗(st ) of the value function

π∗ = arg max
π

V π (st ). (27)

The solution of (27) is pursued by dynamic program-
ming (DP) methods. DP, however, requires knowledge of the
model/environment.

The next definition, known as the “Q-function,” is funda-
mental since it enables the concept of model-free RL. Consider
the state-action value function, Qπ (st , at ), which is a function
of the state-action pair that returns a real value. In other words,
it corresponds to the expected total discounted reward when
the action at is taken in state st , and then the policy π is
followed henceforth. Mathematically

Qπ (st , at) = E

[
Rt | st , at

]
. (28)

The optimal Q-function is given by

Q∗(st , at) = arg max
π

Qπ (st , at ) (29)

and represents the expected total discounted reward received
by an agent that starts in st , picks (possibly non-optimal)
action at , and then behaves optimally afterward. Since V ∗(st )
is the maximum expected total discounted reward starting from
state st , it will also be the maximum of Q∗(st , at ) over all
possible actions at ∈ A

V ∗(st ) = max
at ∈A

Q∗(st , at). (30)

If the optimal Q-function is known, then the optimal action
a∗

t can be extracted by choosing the action at that maximizes
Q∗(st , at) for state st (i.e., the optimal policy π∗ is retrieved)

a∗
t = arg max

at ∈A
Q∗(st , at) (31)

without requiring knowledge of the environment dynamics.
This last point is precisely why the Q-function enables model-
free RL.

Lastly, the advantage function is defined to measure how
advantageous the action is compared to the action drawn from
policy

Aπ (st , at) = Qπ (st , at ) − V π (st ). (32)

C. Actor-Critic

Actor-critic is an approximate DP (ADP) method that
solves DP heuristically. Importantly, the actor-critic approach
allows for continuous state/action spaces by using a function
approximator, e.g., a neural network. In RL, as well as in
DP, the action is taken by a policy to maximize the expected
total discounted reward. By following a given policy and
processing the rewards, one should estimate the expected
return given states from the value function. In the actor-
critic approach, the actor improves the policy based on the
value function that is estimated by the critic. We specifically
focus on the policy gradient-based actor-critic algorithm in
this work, and, in particular, the PPO [42] is considered. The
critic is the parameterized value function Vφ and the actor is
the parameterized policy πθ .

1) Critic: The role of the critic is to evaluate the current
policy prescribed by the actor. The action is drawn from a
Gaussian distribution, namely

at ∼ N (μ, σ 2), where [μ, σ ] = fDNN(st; θ) (33)

where a mean μ and standard deviation σ computed from a
DNN, fDNN(st; θ) : S → R

2, and the DNN is parameterized
by weight vector θ . After applying the action, we observe
the reward r t+1 and the next state st+1. For each time step t ,
the tuple (st , at , rt+1, st+1) is stored in the buffer, D. From a
collected set of trajectories, the parameterized value function
denoted by Vφ is updated to minimize the following loss
function, L:

L = 1

N

∑
i∈D

N∑
t=0

(
Vφ

(
si,t

) − Ri,t
)2

(34)

where Ri,t is the total discounted reward at time t in the i th
trajectory stored in the buffer. The critic network parameters,
φ, are updated numerically via gradient descent.
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Fig. 2. State-feedback control loop of ARZ PDE Lyapunov-based control scheme and model-free RL boundary control scheme.

2) Actor: The actor is updated based on the value function
estimates. The objective function for the actor is formulated in
terms of the expected reward of policy πθ and the advantage
of πθold [24], [41]

max
θ

Êt

[
πθ(at |st )

πθold(at |st )
Ât

]
(35)

where the hats on Êt signify a sample mean, and Ât indicates
an estimated advantage function obtained from the critic.
Schulman et al. [41] prove the expected reward corresponding
to πθ increases relative to πθold , if a distance measure between
πθ and πθold is sufficiently bounded. This motivates the fol-
lowing trust region policy optimization (TRPO) algorithm:

max
θ

Êt

[
πθ (at |st)

πθold(at |st)
Ât

]
(36)

s.t. Êt
[
KL[πθold(·|st), πθ (·|st )]

] ≤ δ (37)

where θold is the vector of policy parameters before the update.
Kullback–Leibler (KL)-divergence measures the difference
between the old policy and current policy. The constraint
ensures that the new policy does not deviate from the old
policy by δ.

In this work, we adopt the PPO RL algorithm [42], which is
based on TRPO [41]. The PPO algorithm similarly limits the
new policy from being excessively far from the previous one.
However, it does so with a modified objective that penalizes
changes to the policy that move rt (θ) = πθ (at |st )/πθold(at |st)
away from 1. The key idea is to use probability clipping,
as follows:

max
θ

Êt
[

min(rt (θ) Ât , clip(rt(θ), 1 − ε, 1 + ε) Ât
]
. (38)

The main idea of PPO is to modify the objective by clipping
the probability ratio. This removes the incentive for moving rt

outside of the interval [1−ε, 1+ε]. With this clipping method,
the lower bound of objective function is maximized. Readers
are referred to [42] for more details.

3) Proximal Policy Optimization: We adopt a policy
gradient-based approach to obtain a continuous-valued sto-
chastic control policy. Mathematically, the goal is to find

θ� = arg max
θ

E[Rt ] (39)

where the expectation is taken with respect to P(st+1|st , at )
and πθ(at |st ), and θ parameterizes the control policy dis-
tribution. Policy gradient methods essentially solve (39) via
gradient ascent. The key challenge is estimating the gradient
since it is computationally intractable to compute it exactly.

One can reformulate this optimization problem (39) in terms
of the expected reward of policy πθ and the advantage of
πθold [24], [41]

max
θ

Êt

[
πθ (at |st )

πθold(at |st)
Ât

]
(40)

where the hats on Êt signify a sample mean, and Ât

indicates an estimated advantage function from simulations.
Schulman et al. [41] prove the expected reward corresponding
to πθ increases relative to πθold , if a distance measure between
πθ and πθold is sufficiently bounded. This motivates the fol-
lowing TRPO algorithm:

max
θ

Êt

[
πθ(at |st)

πθold(at |st )
Ât

]
(41)

s.t. Êt
[
KL[πθold(·|st), πθ (·|st )]

] ≤ δ (42)

where θold is the vector of policy parameters before the update.
KL-divergence measures the difference between the old policy
and current policy. The constraint ensures that the new policy
does not deviate from the old policy by δ.

Both the RL and Lyapunov-based approaches provide state-
feedback controllers for the ARZ PDE model. Fig. 2 com-
pares the RL and Lyapunov-based approaches as signal flow
diagrams. The expert design system developed by a control
engineer is replaced with an iterative learning process by an
RL algorithm. In addition, the prior assumption of the initial
condition and model parameters are not required in the RL
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approach. In Section IV, we will conduct several numerical
simulations to compare these two methodologies.

IV. COMPARATIVE STUDY AND SIMULATION

In this section, we numerically test the control designs of
the Lyapunov-based controllers and the RL controller. Two
settings are considered: 1) full knowledge of the system
dynamics and 2) partial knowledge of the system. In the
full knowledge setting, both the Lyapunov-based and model-
free RL controllers have perfect knowledge of the model
with known model parameters and steady-state conditions.
For the partial knowledge setting, both controllers have partial
knowledge of the model, i.e., the true steady state has deviated
from the ones used in the model. For each setting, we test the
model-free RL controller with the following cases: 1) outlet
control; 2) inlet control; and 3) outlet and inlet control,
as defined in (9) and (10). For each case, one Lyapunov-
based controller is used to evaluate the performance of the
RL controller.

A. Simulation Configuration

We simulate traffic on a freeway segment with length
L = 500 m for a time period T = 240 s = 4 min
for system with full knowledge of dynamics and 8 min for
system with partial knowledge. Steady-state density ρ� =
120 veh/km, v� = 36 km/h are chosen given the maximum
density ρm = 160 veh/km, and maximum velocity vm =
40 m/s. The steady-state traffic is lightly congested such that
λ1 = 10 m/s, λ2 = −20 m/s, which satisfy the conditions
in (5) and (6). This configuration represents heterogeneous
propagation of oscillatory waves of density and velocity in
congested traffic. The 500 m long road segment is considered
and the simulation is run for 4 min. The spatial grid size is
chosen as 
x = 10 m and the temporal grid size is chosen
as 
t = 0.25 s. The discretization in spatial–temporal domain
guarantees the convergence of the numerical scheme. Besides,
the computational time for training an RL controller increases
with the number of grid size but the closed-loop performance
is not affected significantly for the order of discretization we
choose. The following simulations are performed on a Python
running an Intel core i9-9900K central processing unit (CPU)
with a clock rate of 3.60 GHz, and graphics processing unit
(GPU) device, GeForce RTX 2080 Ti.

B. Comparative Study With Full Knowledge of System
Dynamics

We assume sinusoidal initial conditions

ρ(x, 0) = 0.1 sin

(
3πx

L

)
ρ� + ρ� (43)

v(x, 0) = −0.1 sin

(
3πx

L

)
v� + v�. (44)

1) Learning Process of RL Controllers: The learning
process for RL controllers is illustrated in Fig. 3. The learn-
ing curve for RL corresponding to each control scheme is
presented in Fig. 3(a). The evolution of the cumulative reward
Rt , defined in (19), reflects the overall learning performance.

In addition, several episodes of the simulation in the learning
process are compared more closely in Fig. 3(b). We plot the
reward values rt , defined in (25), over several hundreds of
iterations of testing candidate RL outlet feedback laws on
ARZ model simulations over a time window of 4 min for
each simulation.

In Fig. 3(a), the shaded area represents min/max of different
actor-critic parameterizations while the bold line measures
the average of the performance during training. Note that the
training process converges over different numbers of episodes
across the controllers. This motivates us to set a large enough
number of episodes in order to make sure that RL converges.
We obtain the actor-critic parameters by the end of training.
It is also observed that there is a spike in cumulative reward for
the inlet and outlet RL controller at the episode around 500
which indicates that the closed-loop system at the iteration
becomes unstable and states diverge. For example, if density
state is greater than the maximum density, there will be
collision in the ARZ model. Therefore, this training process
cannot perform in a collision-free fashion in real traffic.

In Fig. 3(b), we choose the outlet control case to illustrate
the RL learning process. We plot the reward evolution for the
closed-loop system with RL outlet controllers that are obtained
from training episodes 1, 100, 200, 400, and 800, respectively.
In addition, the reward of the setpoint control is also plotted
as a baseline comparison. It turns out that the initial reward
is worse than the baseline performance. After 100 iterations
of training, the outlet RL controller plotted with dotted blue
line performs even worse with reward decreasing with time
and the lowest cumulative reward R = −615.5. However, the
RL performance improves after the iteration number increases
from 200 to 400 and reaches its best at episode 800. As demon-
strated in this figure, the learning process does not guarantee
a monotonically improving performance. Certain episodes can
be even worse than the baseline case due to some iterations
of unsuccessful training.

2) State Evolution, Reward, and Control Inputs: In
Figs. 4–7, the initial condition is highlighted in blue. The
actuated inlet and/or outlet boundaries are highlighted in
red. In other words, the red curves visualize the control
inputs for the setpoint control, backstepping control, P control,
PI control, and the RL controllers in each case. Specifically,
the closed-loop results are compared between the outlet back-
stepping controller and the outlet RL controller, as shown in
Fig. 5, between inlet P controller and inlet RL controller as
shown in Fig. 6, between the inlet and outlet PI controller and
inlet and outlet RL controller as shown in Fig. 7.

Fig. 4 plots the evolution of density and velocity under
setpoint control. The setpoint control is open-loop that does
not use feedback of the system. We observe the persisting
oscillations, although they appear lightly damped. We regard
the setpoint control as a baseline case against which the subse-
quent feedback control designs should outperform. In setpoint
control, the outlet and inlet boundary flow rates are controlled
to be constant (11), (12). As highlighted with red in Fig. 4,
the product of density and velocity values is constant at inlet
and outlet boundary whereas the boundary states of density
and velocity oscillate over time.
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Fig. 3. Learning curves for RL and reward evolution in the learning process. (a) Learning curve of RL controllers with different initializations of the
actor-critic network. (b) Reward evolution for the closed-loop system with outlet RL controller that is obtained for different episode numbers k.

Fig. 4. Density and velocity evolution and reward evolution with setpoint inputs. (a) Density and velocity of ARZ model under setpoint control. (b) Reward
evolution for setpoint control.

Fig. 5. Density and velocity evolution, reward evolution and control inputs of closed-loop with outlet controller. (a) Closed-loop with outlet backstepping
controller. (b) Closed-loop with outlet RL controller. (c) Reward evolution for closed-loop with backstepping and RL controller at outlet. (d) Backstepping
and RL control inputs at outlet.

Fig. 5 presents the closed-loop result of the outlet backstep-
ping controller and outlet RL controller. In Fig. 5(a) and (b),
the states are stabilized to spatially uniform steady-state values

by the outlet backstepping controller and outlet RL controller,
respectively. An interesting finding from comparing between
the two controllers is that RL learns a policy that produces
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Fig. 6. Density and velocity evolution, reward evolution and control inputs of closed-loop with inlet controller. (a) Closed-loop with inlet P controller.
(b) Closed-loop with inlet RL controller. (c) Reward evolution for closed-loop with P and RL controller at inlet. (d) P and RL control inputs at inlet.

a control input [red line in Fig. 5(b)] that closely replicates
the backstepping control input [red line in Fig. 5(a)]. The
RL policy is developed without explicit knowledge of the
differential equations and parameters. It is trained iteratively
on the nonlinear simulation model. As a state-feedback con-
troller, the RL policy produces an action for boundary input
given the current state. In contrast, the PDE backstepping
state-feedback control law is obtained by rigorous theoretical
control design assuming perfect knowledge of the model.
As shown in Fig. 5(d), both methods yield similar control input
trajectories. However, RL underperforms relative to backstep-
ping in terms of the instantaneous reward over time. The
convergence of the L2 spatial norm represents the stabilization
of the closed-loop system. Unlike the finite-time convergence
for the backstepping controller shown with red line, the RL
controller’s reward in blue takes a longer time about 3 min
for convergence. The cumulative reward for the RL outlet
controller is R = −104.9 while the cumulative reward of
backstepping is R = −81.7.

In the same fashion, we compare closed-loop results for
inlet P controller and inlet RL controller in Fig. 6. The
incoming flow rate is actuated either with the P controller or
RL controller. The control inputs at the inlet are highlighted
with red in Fig. 6(a) and (b). As shown in Fig. 6(d), the
inlet RL controller needs more than 4 min to converge, longer
than the P control. Although the inlet RL controller almost
recovers the performance of the inlet P controller, we can see
from Fig. 6(c) that the RL control input is quite different than
the P control input, requiring longer convergence time and is
oscillated.

Fig. 7 describes the closed-loop results for PI controller and
RL controller, actuating the incoming and outgoing flow rates.
We observe that the RL controller achieves a better reward
evolution in Fig. 7(c). The convergence of the closed-loop
system with RL is faster than that of the PI controller, and
with a slightly smaller cumulative reward. It could also be
noted that control efforts are smaller for the RL controller in
terms of magnitude, as shown in Fig. 7(c). These results will
vary, however, with the PI controller gain selection.

The comparison of closed-loop results between the
Lyapunov-based and RL approaches is summarized in Table II.
The stabilization result is mainly evaluated by convergence
time ST and control effort SE . The convergence time is defined
as the time instance such that the instant reward converges to
zero rt=ST = 0. We mainly focus on the control efforts that
varies around the nominal values q�. Therefore, the control
effort is defined as SE = ∫ ST

0 |Uin,out(t) − q�|dt .
Fig. 8 includes all the closed-loop results with the

Lyapunov-based controllers and their corresponding RL con-
trollers. All of the Lyapunov-based feedback controllers
and RL controllers outperform the setpoint controllers. The
RL agent achieves suboptimal performance compared to
Lyapunov-based approaches. In addition, backstepping outper-
forms the P and PI controllers for the stabilization of the traffic
flow. RL controllers almost recover the closed-loop results
of the Lyapunov-based design in the outlet control or inlet
control cases. RL outperforms the PI controllers when both the
inlet and outlet boundaries are controlled. The aforementioned
results are uncertain model parameters, which we will discuss
in Section IV-C. Note that the reward in (25) is defined as the



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

12 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY

Fig. 7. Density and velocity evolution, reward evolution and control inputs of closed-loop with inlet and outlet controllers. (a) Closed-loop with PI controllers
at inlet and outlet. (b) Closed-loop with RL controllers at inlet and outlet. (c) Reward evolution for closed-loop with PI and RL controller at inlet and outlet.
(d) Inlet and outlet PI and RL control inputs.

TABLE II

CLOSED-LOOP RESULTS COMPARISON

Fig. 8. Reward evolution of the Lyapunov-based approaches (blue), the
corresponding RL controllers after 2000 episodes of iterative training (red).

L2 spatial norm of the state values without considering control
effort. The RL controllers were designed for comparison with
the stabilizing Lyapunov-based controllers, and thus control
effort was not penalized. However, RL controllers can be
trained to consider control effort by modifying (25) with a
control effort penalty.

3) Other Performance Measures: Common traffic perfor-
mance indices include total travel time (TTT), fuel consump-
tion, and travel comfort. These indices are calculated for the
closed-loop system with either the Lyapunov-based controllers
or the RL controllers. The performance indices are given by

JTTT =
∫ T

0

∫ L

0
ρ(x, t)dxdt (45)

Jfuel =
∫ T

0

∫ L

0
max{0, b0 + b1v(x, t) + b3v(x, t)

+ b4v(x, t)a(x, t)}ρ(x, t)dxdt (46)

Jcomfort =
∫ T

0

∫ L

0
(a(x, t)2 + at(x, t)2)ρ(x, t)dxdt (47)

where a(x, t) is defined as the local acceleration a(x, t) =
vt (x, t)+v(x, t)vx(x, t) and bi are constant coefficients chosen
as b0 = 25 · 10−3[l/s], b1 = 24.5 · 10−6[l/m], b3 =
32.5 · 10−9[ls3/m2], b4 = 125 · 10−6[ls2/m2], based on [47].
As shown in Table III, the performance indices of each con-
troller are compared with their improvement percentage over
the baseline setpoint controller. Among the three performance
indices, drivers’ comfort is the most significantly improved for
all Lyapunov-based and RL controls, since the stop-and-go
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oscillations are suppressed in the closed-loop system. For
fuel consumption of total traffic, RL actually performs better
than its corresponding Lyapunov-based controller. This may
be coincidental, or could be related to RL’s control effort
and the induced acceleration. In any case, RL provides the
flexibility to define the reward as fuel consumption, which
can be directly optimized. Backstepping does not provide this
capability. We also see that TTT is only marginally improved,
since the traffic dynamics are stabilized to steady state and the
average speed remains relatively similar.

C. Comparison Study With Partial Knowledge of System

In the previous comparative study, we assume perfect
knowledge of the traffic system for the Lyapunov-based
controllers. In practice, model parameters are obtained by
calibrating the nonlinear ARZ PDE model with field data
obtained from loop detectors measuring the traffic flow rate
or by high-speed cameras recording vehicle trajectories. The
model calibration process can be laborious. More importantly,
it is hard to determine some model parameters such as the
steady-state density, fundamental diagram, and relaxation time.
These macroscopic models are just that—model idealizations
of reality. In [52], an adaptive output feedback controller
is designed to stabilize the linearized ARZ model with a
gradient-based estimator for unknown relaxation time. The
adaptive stabilization problem has not been studied when the
steady state is uncertain. In traffic field data, it is observed
that a certain steady-state density in the congested regime
possesses a significant spread of flow rates. Therefore, it is
hard to accurately determine the steady state for a real-world
traffic system that is often periodically evolving, as exhibited
in freeway traffic data [19]. On the other hand, the steady
states in the reward function encode our belief in the current
averaged and aggregated traffic condition which could deviate
from reality. Moreover, there are measurement errors in raw
data. The data need to be pre-processed leading to more
approximation and processing errors. In [14] and [54], the
ARZ model was calibrated with the next generation sim-
ulation (NGSIM) traffic data which records the trajectories
of vehicles on a 500 m freeway segment over a 45 min
rush-hour period. Data reconstruction is conducted to obtain
the aggregated state values. All in all, the Lyapunov-based
control approaches cannot overcome the limitation of model
uncertainty when they are implemented in practice. In other
words, their performance is limited by the best prediction the
PDE model can make.

Therefore, it is of practical relevance to evaluate the closed-
loop performance of the Lyapunov-based and RL controllers
given partial or inaccurate models. Here, we investigate the
performance of the Lyapunov-based controllers that employ
incorrect steady-state density, and then compare with RL
controllers obtained from a stochastic training process.

We choose two representative scenarios characterized by
the steady-state density. We define ρr as the real steady-state
density while ρ� = 120 veh/km is assumed by the Lyapunov-
based feedback controllers. We consider ρr = 115 veh/km
for the outlet backstepping control case, representing that the
actual traffic is lighter than the parameters used by the PDE

backstepping controller. In the second scenario, we consider
ρr = 125 veh/km for the inlet control such that the actual
traffic is denser than the value employed by the P controller.
For both scenarios, RL controllers are trained in a stochastic
environment where a steady-state density value of the traffic
system ρ� is randomly chosen from a uniform distribution of
the integer values {115, 120, 125} in each episode. Then the
RL controllers are validated for each specific scenario.

The RL learning curve is plotted in Fig. 9(a). Note that the
steady-state density used to calculate the cumulative reward
is randomly chosen at each episode, which affects the initial
condition and the associated steady-state velocity in (4) during
training. The shaded area represents min/max of different
actor-critic parameterizations, while the bold line measures
the average performance. Similar to Fig. 3, it should be noted
that the performance of RL controllers does not monotonically
improve in the learning process as the number of training
episodes increases. Additionally, cumulative reward conver-
gence for some initiations of the actor-critic parameters is not
guaranteed.

We observe that the RL controllers are more adaptable to
the stochastic environment. Fig. 9(b) shows all the closed-
loop controller results in Scenario 1 where the Lyapunov-
based controllers assume a greater steady-state density value
than the actual traffic environment. It is interesting to find
out that all of the RL controllers in blue outperform the
setpoint control in green, with larger reward values. Among
them, the inlet RL controller ultimately performs the best.
In addition, all the Lyapunov-based feedback controllers in
red have smaller rewards, indicating the traffic states do
not converge to the actual steady-state value after applying
the controllers. Assuming an incorrect steady-state density
value deteriorates the closed-loop stabilization results. The
backstepping outlet controller, which performs the best in
a system with perfect knowledge from Section IV-B, turns
out to be the worst controller in terms of cumulative reward
in Scenario 1, as depicted in Fig. 9(b). This observation
demonstrates that Lyapunov-based control is sensitive to full
knowledge of the system dynamics, and even perturbing the
steady-state values can result in worse performance than a
baseline control method.

1) Scenario 1 of Lighter in-Domain Traffic: As shown in
Fig. 10, we apply the outlet backstepping controller to a
nonlinear ARZ model with lighter steady-state traffic density,
ρr = 115 veh/km than the controller assumes, i.e., ρr <
ρ�. The closed-loop simulation is run for 8 min, since the
stabilization requires a longer time. When we apply the PDE
backstepping controller in (14), which is constructed using
ρ� = 120 veh/km, the traffic is actually slowed down, leading
to a reduction of velocity and an increase of density in
Fig. 10(a). The closed-loop traffic is more congested, due to
the controller’s incorrect model assumptions. In contrast, since
the RL controller is trained in an environment with stochastic
conditions, where some episodes use a lighter traffic scenario,
it successfully stabilizes the traffic state to a uniform value.
We find out in Fig. 10(b) that the closed-loop system with the
RL outlet controller converges close to the actual steady state.
This leads to a larger cumulative reward R = −534.3 for RL
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TABLE III

PERFORMANCE IMPROVEMENT

Fig. 9. Learning curves for RL and reward comparison with the Lyapunov controllers in Scenario 1. (a) RL learning curve with different initializations
of actor-critic network, for randomly generated steady-state values. (b) In the system with partial knowledge, the reward evolution of the Lyapunov-based
approaches (red), corresponding RL approaches (blue), and setpoint control (green).

Fig. 10. Density and velocity evolution, reward evolution and outlet control inputs in Scenario 1. (a) Closed-loop with outlet backstepping controller in a
lighter traffic. (b) Closed-loop with outlet RL controller in a lighter traffic. (c) Reward evolution for closed-loop with backstepping and RL controller at
outlet in a lighter traffic.

than the backstepping controller R = −3093.3 in Fig. 10(c).
Comparing the backstepping control input and RL outlet con-
trol input in Fig. 10(d), we find out that backstepping applies
less control effort than RL. Backstepping’s discharging flow

rate is less than the actual steady-state flow rate in the segment,
thus unnecessarily holding vehicles back from leaving the
segment and thus exacerbating traffic congestion. As shown in
Fig. 10(a), traffic congestion forms and propagates backward
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Fig. 11. Density and velocity evolution, reward evolution and inlet control inputs in Scenario 2. (a) Closed-loop with inlet P controller in a denser traffic.
(b) Closed-loop with inlet RL controller in a denser traffic. (c) Reward evolution for closed-loop with P and RL controller at inlet in a denser traffic.
(d) P and RL control inputs at inlet in a denser traffic.

to the segment inlet, whereas there is no such congestion in
Fig. 10(b).

2) Scenario 2 of Denser in-Domain Traffic: In Fig. 11,
we apply the inlet P controller to a nonlinear ARZ model
with denser traffic ρr = 125 veh/km than the controller
assumes, i.e., ρr > ρ�. The inlet controller in (15) assumes
ρ� = 120 veh/km to design the control gain. As a result, the
P controller applies a larger incoming traffic flow rate than
it should, since it receives the feedback of slower velocity
than the incorrect reference value. This creates congestion in
the downstream traffic. As shown at the inlet of Fig. 11(a), the
traffic density increases while velocity reduces. In contrast, the
RL controller trained from the stochastic environment allevi-
ates this situation in Fig. 11(c), and also exhibits an improved
cumulative reward. However, the RL controller cannot stabi-
lize the system to the true steady-state ρr , as shown by the
blue reward initially increasing and then decreasing. Fig. 11(d)
describes the evolution of the P and RL inlet control inputs.
The incoming flow rate is eventually regulated by the inlet
controllers to the real steady-state value, at the inlet. However,
neither the RL controller nor the P controller successfully
stabilizes the states to their true steady-state values across the
segment, as highlighted in red Fig. 11(a) and (c). This is also
demonstrated by the reward evolution in Fig. 11(c). However,
the RL controller does not diverge as quickly, and in this sense
is more robust.

In both scenarios, the performance of the Lyapunov-based
controllers deteriorates with small errors to the assumed
steady-state conditions. Comparing the state and reward evo-
lution with outlet control and perfect system knowledge in

Figs. 5(a) and (c) and 10(a) and(c) in Scenario 1, with the same
comparison between Figs. 6(a) and (c) and 11(a) and (c) in
Scenario 2, the Lyapunov-based control systems do not con-
verge to the actual steady states and the corresponding rewards
do not converge to 0. On the other hand, the RL controllers
trained in a stochastic environment perform worse in the
deterministic setting, but are more robust to steady-state errors
compared to the Lyapunov-based controllers, as shown in
Fig. 10 for Scenario 1 and in Fig. 11. It should also be noted in
Fig. 11(b) and (c) that RL controllers do not guarantee conver-
gence of the closed-loop system, despite some improvements
of the reward.

V. CONCLUSION

In this work, we address the freeway traffic control problem
with an RL paradigm. We are motivated by two challenges
currently unaddressed in the literature: 1) controllers natively
designed for nonlinear traffic dynamics do not exist, and exist-
ing stabilization results are local and derived with linearized
systems and 2) model-based controllers depend on accurate
models. However, even the state-of-the-art ARZ second-order
PDE model does not capture the complex realities of true
real-world traffic flow, making model calibration a significant
challenge. Even if one does successfully calibrate an ARZ
model on a dataset, the parameters can shift over time due
to weather, evolving commute patterns, discrete events, and
more. RL methods provide an opportunity to address this
practical challenge.

Ramp metering boundary controllers are developed to sta-
bilize the freeway traffic oscillations. The second-order ARZ
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PDE model is employed to describe the traffic dynamics.
We formulate the control of the hyperbolic PDE model
as an RL problem, where the control objective is encoded
into the reward function. RL controllers are designed for
various boundary control schemes, along with corresponding
Lyapunov-based feedback control strategies. The nonlinear
ARZ PDE model is used as the environment to simulate
and generate data for RL. Among the RL algorithms, the
actor-critic scheme is considered, and specifically the PPO
algorithm has been adopted. The closed-loop performance
of RL controllers is compared against Lyapunov-based state-
feedback controllers, including PDE backstepping, P, and PI
controllers.

Simulation results show that RL controllers achieve com-
parable performance with the Lyapunov-based controllers in
a traffic system with perfect knowledge of model parame-
ters, with slightly longer convergence times. The analysis
becomes more interesting when we consider the reality of
model uncertainty and imperfect knowledge. Specifically, the
RL controllers outperform the Lyapunov-based controllers
when the assumed steady-state conditions contain errors.
Importantly, we find the Lyapunov-based controller loses its
stabilizing properties, whereas the RL controllers obtained
from a stochastic training process maintain stability or at least
slow down divergence. Nevertheless, the RL controllers are
obtained from thousands of iterative training episodes, and
reward convergence is not guaranteed. For practical consid-
erations, RL controllers should be developed in a simulation
environment where trial and error are allowed.

One of the main advantages of the proposed RL formula-
tion is that it does not require any prior knowledge of the
traffic model, besides a simulator, but can achieve compar-
ative and possibly better closed-loop performance compared
to a Lyapunov-based approach. Future work may validate
the RL-based controller on a freeway network comprised of
several segments, merging and diverging lanes. The traffic
performance on the ramp such as total waiting time should
be incorporated into the evaluation of the mainline traffic.
Another direction is to utilize the Lyapunov-based approach
with stability guarantees to improve the RL controllers to
obtain faster learning rates and more robust performance.

CODE AVAILABILITY

All the data and experiment codes are made available online.
https://github.com/saehong/RL-ARZ-PPO
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