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Abstract— We address the problem of adaptive output-
feedback stabilization for flow-induced vibrations of a mem-
brane at high Mach numbers. The aeroelastic instability is
compensated by using boundary control and anti-collocated
measurement. The membrane is infinite in spanwise and the
streamwise vibrations are modeled by a one-dimensional wave
Partial Differential Equation (PDE) with an aerodynamic forc-
ing term. Based on Piston theory, the term is represented by
an anti-damping term multiplying a constant coefficient and a
convective term multiplying an unknown constant coefficient.
We then transform the wave PDE to a one-dimensional 2 × 2
first-order hyperbolic PDEs with constant coupling coefficients.
Before introducing an adaptive output feedback controller for
the hyperbolic PDEs, we present a nonadaptive explicit state
feedback controller. To deal with the absence of both full-state
measurements and parameter knowledge, the adaptive output-
feedback design is used; the design is based on an observer
canonical form which is obtained through a change of variables
and a backstepping transformation. The form enables us to
design an explicit state observer. We employ gradient-based
parameter estimators. For the closed loop system, we achieve
convergence of the state of the wave PDE to zero. We validate
our result with a simulation.

I. INTRODUCTION

Flow-induced structural vibrations occur in a variety of
engineering fields, e.g., flows around aircraft wings, flows in
a flexible pipe and flows around turbomachinery blades. Most
of the aeroelastic phenomena involves the mutual interaction
between inertial, elastic and aerodynamic forces, which can
cause undesirable deformation, even failure of the structure.
Aeroelastic instability problems at high Mach numbers have
received a lot of attention [1]–[3].

Flow-induced vibration of an infinite membrane is a sim-
plified model, where various control approaches have been
tried. Both in-domain and boundary actuations (e.g. [4], [5])
have been used to stabilize the vibration of an elastic plate.
The vibration of the infinite membrane is governed by a
wave Partial Differential Equation(PDE) with aerodynamic
forcing. Piston theory (see [6], [7]) is extensively used to
model the aerodynamic pressure both in supersonic and hy-
personic aeroelastic problems. Our work is based on a wave
PDE model, studying the problem of flow-induced vibration
of the infinite membrane with aerodynamic pressure defined
by piston theory. The goal is to stabilize the wave PDE by
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applying a boundary control using an anti-collocated single
measurement.

Boundary stabilization of unstable wave equations has
been pursed in [8]–[11]. The wave PDE with in-domain anti-
damping term is addressed in [8] and the output feedback
stabilization of unstable wave PDE in [10]. For an unstable
wave equation with an unmatched anti-damping term in
boundary, adaptive boundary control is introduced in [12].
We address adaptive boundary control of wave PDEs with in-
domain anti-damping term which has not been solved before.

We focus on the wave PDE with an in-domain anti-
damping term coupled with a constant coefficient and a
convective term with an unknown constant coefficient. The
Control is applied at one boundary, whereas a measurement
is taken from another. Both appear as Neumann boundary
conditions. We design an adaptive output feedback controller
for the system. Parameters of high Mach number flows are
usually difficult to obtain in most wind tunnel experiments.
Our work has the advantage to stabilize the wave PDE
without the knowledge of flow parameters.

Through three different transformations, we obtain a 2×2
coupled first-order hyperbolic PDEs in observer canonical
form in which unknown parameters multiply the measured
output. By solving these, we obtain a parameter estimation
model that is in the form of an integral equation relating
delayed values of input and output. Based on this model,
we estimate the parameters by employing a gradient-based
method. Then we develop a filter-based adaptive observer
and an output feedback controller that guarantees the con-
vergence of state of the wave equation to zero. Finally, we
illustrate our result with a simulation.

II. PROBLEM STATEMENT

A. Aeroelastic Model

We consider an aeroelastic problem at high Mach numbers,
where we study the vibrations of membrane induced by
aerodynamics forces. The membrane is infinite in the y
direction with flow past above it in the x direction (0≤ x≤ 1).
Assuming that the membrane’s vibrations are uniform in y,
and varying along x direction, we model the displacement
of the membrane in z direction by a one-dimensional wave
equation with an aerodynamic forcing term,

wtt(x, t) = c2wxx(x, t)+ p(x, t), (1)

where w is the displacement of the membrane in z direction.
It is assumed that constant tension forces are applied to the
membrane and its density remains uniform in all directions.
Therefore, the coefficient c is constant, relating the ratio
of membrane’s tension to linear density. The value p(x, t)
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represents the local aerodynamic pressure exerted by local
fluid velocity normal to the membrane. Based on Piston
theory, the pressure at high mach numbers is given by

p(x, t) =
ρV∞

M

(
∂w(x, t)

∂ t
+V∞

∂w(x, t)
∂x

)
, (2)

where ρ is the free-stream fluid density, V∞ is the free-
stream fluid velocity, M is the Mach number. Substituting
the pressure p(x, t) in (1), we have

wtt = c2wxx +μwt +νwx, (3)

w(0, t) = 0, (4)

wx(1, t) =U(t). (5)

The control force U is applied at the trailing edge (x = 1) of
the membrane while a measurement Y is taken at the fixed
boundary (x = 0), so that Y (t) = wx(0, t). Considering that
the membrane at x = 0 is fixed to a wall, the displacement at
x = 0 equals to zero. wx(0, t) thus represents the angle of the
slope between the x-axis and displacement of the membrane
in z-axis, which can be measured by an inclinometer. The
coefficients in (3)–(5) are given by

μ = ρa, ν = ρV∞a, a =
V∞

M
, (6)

where a is the speed of sound. The value c,ρ,a are accessible
form the knowledge of the system’s properties, but the free-
stream velocity V∞ is unknown. Therefore, μ is known and
ν is unknown.

B. Transformation to a 2×2 coupled first-order hyperbolic
equations

We transform the wave equation to be two coupled first-
order hyperbolic equations by changing variables. First,
define ū= cwx−wt and v̄= cwx+wt , thus we have wx =

ū+v̄
2c

and wt =
v̄−ū

2 . Substituting into (3), we obtain

ūt =−cūx −
( ν

2c
− μ

2

)
ū−
( ν

2c
+

μ
2

)
v̄, (7)

v̄t = cv̄x +
( ν

2c
− μ

2

)
ū+
( ν

2c
+

μ
2

)
v̄, (8)

and the boundary conditions transform as v̄(1, t) =
2cwx(1, t)− ū(1, t), ū(0, t) = cwx(0, t)−wt(0, t) and v̄(0, t) =
cwx(0, t)+wt(0, t). Since wt(0, t) = 0, we arrive at

ū(0, t) = v̄(0, t), (9)

v̄(1, t) = 2cU(t)− ū(1, t), (10)

and Y0(t) = ū(0, t) = v̄(0, t). Therefore we obtain a first-order
hyperbolic 2× 2 system with in-domain constant coupling
coefficients.

III. NONADAPTIVE EXPLICIT FULL STATE FEEDBACK

CONTROL

Assume that c, V∞, ρ and a are known. Applying Theorem
1 in [13] to the coupled hyperbolic system (7)-(10), we obtain
a full-state feedback control law

U(t) =
1

2c

∫ 1

0
k1(ξ )ū(ξ , t)+ k2(ξ )v̄(ξ , t)dξ +

1

2c
ū(1, t),

(11)

where k1 and k2 are control kernels. Plugging in the coeffi-
cients (6), the kernels are explicitly given by

k1(ξ ) =H(ξ )

(
F0(ξ )+

√
1−ξ
1+ξ

F1(ξ )+FΠ(ξ )

)
, (12)

k2(ξ ) =H(ξ )

(
F0(ξ )+

√
1+ξ
1−ξ

F1(ξ )+FΠ(ξ )

)
, (13)

where

H(ξ ) =
−1

2c
exp

(−ρV∞a
2c2

(1−ξ )
)
, (14)

F0(ξ ) =− ρa
2

(
1+

V∞

c

)
I0

⎛⎝ρa
2

√
1−
(

V∞

c

)2√
1−ξ 2

⎞⎠ ,

(15)

F1(ξ ) =
ρa
2

√
1−
(

V∞

c

)2

I1

⎛⎝ρa
2

√
1−
(

V∞

c

)2√
1−ξ 2

⎞⎠ ,

(16)

FΠ =
ρV∞a

2c
Π

[
ρa
4c

(
V∞

c
−1

)
(1−ξ ),

− ρa
4c

(
V∞

c
−1

)
(1+ξ )

]
, (17)

with In denoting the modified Bessel function of the first
kind (of order n) and Π(x,y) = ex+yQ1(

√
2x,

√
2y), where

Q1 is the generalized Marcum Q-function of first order.
Substituting ū and v̄ in (11), the full-state feedback controller
for wave PDE is given by

U(t) =
1

c

∫ 1

0
c(k1(ξ )+ k2(ξ ))wt(ξ , t)

+(k1(ξ )− k2(ξ ))wx(ξ , t)dξ − 1

c
wt(1, t). (18)

The closed-loop system is exponentially stable in the L2

sense. The controller in (11) needs full-state knowledge. To
estimate both infinite-dimensional states, a dual method to
design an explicit boundary observer is presented in [14].
We can obtain an explicit output feedback controller by
combining the explicit boundary observer and explicit full-
state feedback controller. Assume V∞ is unknown, this design
has difficulty extending to adaptive control since the relation
between kernel variables and the unknown parameters are
complex and nonlinear. Therefore, we present another way
to design an adaptive output feedback control to deal with
the unknown free-stream velocity.

IV. ADAPTIVE OUTPUT FEEDBACK CONTROL

Assume c,ρ,a are known and V∞ is unknown, thus ν
is unknown and μ is known. To deal with the in-domain
unknown cofficient multiplying with unknown state variable,
we design an adaptive output feedback controller. Through
two steps of transformation, we transform the system in (7)-
(10) to an observer canonical form.
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Define c̄1 =
ν
2c − μ

2 and c̄2 =
ν
2c +

μ
2 and introduce scaled

states (using an invertible transformation)

u(x, t) =exp

(
c̄1

c
x
)

ū(x, t), v(x, t) = exp

(
c̄2

c
x
)

v̄(x, t),

(19)

which substituted in (7)-(10) give

ut(x, t) =− cux(x, t)+ c1(x)v(x, t), (20)

vt(x, t) =cvx(x, t)+ c2(x)u(x, t), (21)

u(0, t) =v(0, t), (22)

v(1, t) =ρ0U(t)+ρ1u(1, t), (23)

where

c1(x) =−
( ν

2c
+

μ
2

)
exp

(−μ
c

x
)
, (24)

c2(x) =
( ν

2c
− μ

2

)
exp
(μ

c
x
)
, (25)

ρ0 =2cexp
( ν

2c2
+

μ
2c

)
,ρ1 =−exp

(μ
c

)
. (26)

By changing variables, the constant paramaters μ and ν
in (3) appear as unknown spatially varing parameters c1(x)
and c2(x) in (21) and (22). The boundary parameter ρ0 is
unknown and ρ1 is known. We define the output

Y0(t) = u(0, t) = cwx(0, t) = cY (t), (27)

as a new measurement. By desigining an output feedback
controller U(t) for the coupled (u,v) system, the original
wave equation is stabilized.

A. Observer canonical form

We start by using the following pre-transformation to
transform the system into an observer canonical form,

α(x, t) =u(x, t)−
∫ x

0
K11(x,ξ )u(ξ , t)dξ

−
∫ x

0
K12(x,ξ )v(ξ , t)dξ , (28)

β (x, t) =v(x, t)−
∫ x

0
K21(x,ξ )u(ξ , t)dξ

−
∫ x

0
K22(x,ξ )v(ξ , t)dξ , (29)

where the kernels Ki j(x,ξ )(∀i, j = 1,2) evolve in the trian-
gular domain T = {(x,ξ ) : 0 ≤ ξ ≤ x ≤ 1}. The observer
canonical form is given by

αt =− cαx +θ1(x)Y0(t), (30)

βt =cβx +θ2(x)Y0(t), (31)

with boundary conditions

α(0, t) =β (0, t), (32)

β (1, t) =ρ0U(t)+ρ1α(1, t)� Û(t), (33)

and the output is given by

Y0(t) = α(0, t) = β (0, t). (34)

The well-posedness of the kernel equations is proved in the
Appendix of [14]. The values of the θ ’s are given by

θ1(x) =− cK11(x,0)+ cK12(x,0), (35)

θ2(x) =− cK21(x,0)+ cK22(x,0). (36)

Remark 1. There exist known constants M1 and M2 such that
for all x ∈ [0,1], |θ1(x)| ≤ M1, |θ2(x)| ≤ M2, and a known
constant L0 such that |ρ0| ≤ L0.

B. Adaptive output-feedback control design

The adaptive control law is given by

U(t) =
∫ t

t− 1
c

K̂2(t −ξ )U(ξ )dξ

+ γ

(∫ t− 1
c

t− 2
c

K̂2(t −ξ −1)Y (ξ )dξ

+
∫ t

t− 1
c

K̂2(ct − cξ )
∫ ξ

ξ− 1
c

θ̂1(1− cξ + cμ)Y (μ)dμdξ

+
∫ t

t− 1
c

∫ 1

ct−cξ
K̂2(μ)θ̂2(ct − cξ +1−μ)dμ

Y (μ)
ρ1

dξ

−Y
(

t − 1

c

)
−
∫ t

t− 1
c

θ̂1(1− ct + cξ )Y (μ)ds

)
, (37)

where γ = cρ1
ρ̂0

. θ̂1(x, t), θ̂2(x, t) and ρ̂0(t) are generated from

the update laws. We obtain K̂2(x, t) by solving online the
following Volterra equation

K̂2(x, t) =− θ̂2(x, t)+
1

c

∫ x

0
K̂2(x−ξ , t)θ̂2(ξ , t)dξ . (38)

To derive the update laws for adaptive estimates of pa-
rameters θ̂1(x, t), θ̂2(x, t) and ρ̂0(t). we use the system’s
input/output map for the target system as a parametric model.
We can easily find the input/output relation by solving system
equations in (30) and (31) directly. The input/output model
is given:

Y0(t) =ρ1Y0

(
t − 2

c

)
+ρ1

∫ t− 1
c

t− 2
c

θ1 (2− c(s− t))Y0(s)ds

+
∫ t

t− 1
c

θ2 (c(t − s))Y0(s)ds+ρ0U
(

t − 1

c

)
+ ε(t),

(39)

where ε(t) is defined as the error of the parametric model.
The value of ε(t) is arbitrary for t ∈ [0, 2

c ], depending on the

initial values of α,β and ε(t) = 0 for t ∈ [ 2
c ,∞).

We represent the input Û(t) and the output Y0(t) with the
transport PDEs. The signal α(1, t) is given by solving (30),

α(1, t) = Y0

(
t − 1

c

)
+
∫ t

t− 1
c

θ1(1− c(t − s))Y0(s)ds. (40)

We have U(t) = 1
ρ0

(
Û(t)−ρ1α(1, t)

)
and the signal

α(1, t) given in (40). We represent the input Û(t), U(t),
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the output Y0(t) and the delayed output Y0(t − 1
c ) with the

following transport PDEs:

ψt(x, t) =cψx(x, t), (41)

ψ(1, t) =Û(t),ψ(x,0) = ψ0(x), (42)

χt(x, t) =cχx(x, t), (43)

χ(1, t) =U(t),χ(x,0) = χ0(x), (44)

φt(x, t) =− cφx(x, t), (45)

φ(0, t) =Y0(t),φ(x,0) = φ0(x), (46)

ωt(x, t) =− cωx(x, t), (47)

ω(0, t) =Y0

(
t − 1

c

)
,ω(x,0) = ω0(x), (48)

where x ∈ [0,1], and ψ0,φ0,ω0 are arbitrary initial conditions
verifying boundary conditions. The explicit solutions to the
PDE filters for x ∈ [0,1], t > 1

c are given by

ψ(x, t) =Û
(

t +
x−1

c

)
, (49)

χ(x, t) =U
(

t +
x−1

c

)
, (50)

φ(x, t) =Y0

(
t − x

c

)
, (51)

ω(x, t) =Y0

(
t − x+1

c

)
. (52)

We use system’s input/output model in (39) as a parametic
model to estimate unknown parameters and use Remark 1 to
limit the adaptive estimates θ̂1(x) and θ̂2(x) with projection.
This projection guarantees pointwise boundedness of θ̂1(x),
θ̂2(x) and K̂2(x).

The update laws are based on the gradient algorithm with
normalization and projection,

∂t θ̂1(x) =γ1(x)
Proj

(ρ1
c Y0(t − 2−x

c )β̃ (0, t), θ̂1(x, t)
)

1+
∫ t

t− 2
c

Y 2
0 (τ)dτ +U2(t − 1

c )
, (53)

∂t θ̂2(x) =γ2(x)
Proj

(
1
cY0(t − x

c )β̃ (0, t), θ̂2(x, t)
)

1+
∫ t

t− 2
c

Y 2
0 (τ)dτ +U2(t − 1

c )
, (54)

∂t ρ̂0 =γ3

U(t − 1
c )β̃ (0, t)

1+
∫ t

t− 2
c

Y 2
0 (τ)dτ +U2(t − 1

c )
, (55)

where γ1(x), γ2(x) and γ3 are positive adaptation gains. Y0(t−
2−x

c ), Y0(t− 1−x
c ) and U(t− 1

c ) are the regressors. According

to the parametric model, adaptive estimation error β̃ (0, t) is
given by

β̃ (0, t) =Y0(t)−ρ1Y0

(
t − 2

c

)
−
∫ t

t− 1
c

θ̂2 (c(t − s))Y0(s)ds

−ρ1

∫ t− 1
c

t− 2
c

θ̂1 (2− c(s− t))Y0(s)ds− ρ̂0U
(

t − 1

c

)
,

(56)

Denote δ (t) = 1+ 1
c2 ||ω(t)||2 + 1

c2 ||φ(t)||2 +χ(0)2. With the

filters, we rewrite the update laws as

∂t θ̂1(x) =Proj
(
τ1(x, t), θ̂1(x, t)

)
, (57)

∂t θ̂2(x) =Proj
(
τ2(x, t), θ̂2(x, t)

)
, (58)

∂t ρ̂0 =γ3
χ(0, t)β̃ (0, t)

δ (t)
, (59)

where

τ1(x, t) =
γ1(x)ρ1

cδ (t)
ω(1− x, t)β̃ (0, t), (60)

τ2(x, t) =
γ2(x)
cδ (t)

φ(x, t)β̃ (0, t). (61)

The projection operator is given by

Proj(τi, θ̂i) =

{
τi, |θ̂i|< Mi or θ̂iτi ≤ 0,

0, |θ̂i|= Mi and θ̂iτi > 0,
(62)

and guarantees the pointwise boundedness of θ̂i(x). Denote
the parameter estimation error as θ̃i(x, t) = θi(x)− θ̂i(x, t), i=
1,2, and ρ̃0(t) = ρ0 − ρ̂0(t).

Lemma 1. The adaptive laws (57)-(59) guarantee that:

|θ̂1(x)| ≤ M1, |θ̂2(x)| ≤ M2, (63)

||θ̃1||, ||θ̃2||, ρ̃0 ∈ L∞, (64)

||∂t θ̂1||, ||∂t θ̂2||,∂tρ0,
β̃ (0, t)√

δ (t)
∈ L2 ∩L∞. (65)

Theorem 1. Consider the plant (3)-(6) under Remark 1
with the adaptive controller (37) and update laws (57)-(59).
For any initial conditions θ̂1(·,0), θ̂2(·,0) ∈C1[0,1], ρ̂0 ∈R,
u0,v0,φ0, ψ̂0,χ0,ω0 verifying the boundary conditions, the
solution (u,v,φ , ψ̂,χ,ω, θ̂1, θ̂2, ρ̂0) is bounded for t ≥ 0 and

lim
t→∞

u(x, t) = 0, (66)

lim
t→∞

v(x, t) = 0, (67)

implying

lim
t→∞

w(x, t) = 0. (68)

The proof is derived as follows. First we use input and
output filters to construct explicit adaptive observers. Then
by the backstepping transformation, we transform adaptive
state estimates to a cascade system, in which we derive the
adaptive controller and prove the closed-loop stability of the
system. After establishing the pointwise boundedness of state
variables and filters, we obtain the convergence of (u,v)-
system and therefore of the vibrations of the membrane.

We introduce the adaptive state estimates,

α̂(x, t) =φ(x, t)+
1

c

∫ x

0
θ̂1(ξ )φ(x−ξ , t)dξ , (69)

β̂ (x, t) =ψ̂(x, t)+
1

c

∫ 1

x
θ̂2(ξ )φ(ξ − x, t)dξ . (70)

Now the input filter is defined for Ū(t) = ρ̂0U(t)+ρ1α̂(1, t).
The signal α̂(1, t) is given by (40) with updated θ̂1.

ψ̂t(x, t) =cψ̂x(x, t), (71)

ψ̂(1, t) =Ū(t), (72)

ψ̂(x,0) =ψ̂0(x). (73)
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These estimates verify

α̂t =− cα̂x + θ̂1(x)Y0(t)+
1

c

∫ x

0
∂t θ̂1(ξ )φ(x−ξ , t)dξ , (74)

β̂t =cβ̂x + θ̂2(x)Y0(t)+
1

c

∫ 1

x
∂t θ̂2(ξ )φ(ξ − x, t)dξ , (75)

with boundary conditions

α̂(0, t) =φ(0, t) = Y0(t) = α(0, t), (76)

β̂ (1, t) =ψ̂(1, t) = Ū(t). (77)

Denote the adaptive observer errors

α̃ = α − α̂, (78)

β̃ = β − β̂ , (79)

which lead to the error system

α̃t =− cα̃x + θ̃1(x)Y0(t)− 1

c

∫ x

0
∂t θ̂1(ξ )φ(x−ξ , t)dξ , (80)

β̃t =cβ̃x + θ̃2(x)Y0(t)− 1

c

∫ 1

x
∂t θ̂2(ξ )φ(ξ − x, t)dξ , (81)

with boundary conditions

α̃(0, t) =0, (82)

β̃ (1, t) =Ū(t)−Û(t) = ρ1α̃(1, t)+ ρ̃0U(t). (83)

We apply a backstepping transformation to the adaptive
state estimates and obtain the target system given by

ζ (x) = α̂(x)− 1

c

∫ x

0
K̂1(x−ξ )α̂(ξ )dξ := T1[α̂](x), (84)

η(x) = β̂ (x)− 1

c

∫ x

0
K̂2(x−ξ )β̂ (ξ )dξ := T2[β̂ ](x), (85)

where K̂1 and K̂2 are obtained by the Volterra equations.

K̂1(x, t) =θ̂1(x, t)− 1

c

∫ x

0
K̂1(x−ξ , t)θ̂1(ξ , t)dξ , (86)

K̂2(x, t) =− θ̂2(x, t)+
1

c

∫ x

0
K̂2(x−ξ , t)θ̂2(ξ , t)dξ . (87)

The inverse transformations are given by

α̂ =ζ (x)− 1

c

∫ x

0
θ̂1(x−ξ )α̂(ξ )dξ := ζ̂ − 1

c
θ̂1 ∗ ζ̂ , (88)

β̂ =η(x)− 1

c

∫ x

0
θ̂2(x−ξ )β̂ (ξ )dξ := η̂ − 1

c
θ̂2 ∗ η̂ . (89)

With a lengthy but straightforward calculation, we obtain
ζ = φ . The target system is given by

ηt =cηx − K̂2(x)β̃ (0)+η ∗T2[∂t θ̂2](x)

+
1

c
T2

[∫ 1

x
∂t θ̂2(ξ )φ(ξ − x, t)dξ

]
, (90)

η(1) =0, (91)

φt =− cφx, (92)

φ(0) =Y0(t) = η(0)+ β̃ (0). (93)

Thus we obtain the stability of original system (u,v, ψ̂,φ) by
studying the system in the equivalent variables (α̃, β̃ ,φ ,η).

The variables (α̃, β̃ ,φ ,η) are governed by the following
cascade PDEs system.

α̃t =− cα̃x + θ̃1(x)Y0(t)− 1

c

∫ x

0
∂t θ̂1(ξ )φ(x−ξ , t)dξ ,

(94)

α̃(0, t) =0, (95)

β̃t =cβ̃x + θ̃2(x)Y0(t)− 1

c

∫ 1

x
∂t θ̂2(ξ )φ(ξ − x, t)dξ ,

(96)

β̃ (1, t) =ρ1α̃(1, t)+ ρ̃0U(t). (97)

ηt =cηx − K̂2(x)β̃ (0)+η ∗T2[∂t θ̂2](x)

+
1

c
T2

[∫ 1

x
∂t θ̂2(ξ )φ(ξ − x, t)dξ

]
, (98)

η(1) =0, (99)

φt =− cφx, (100)

φ(0) =Y0(t) = η(0)+ β̃ (0). (101)

The η-system is driven by the β̃ , the φ -system is driven
by the η-system and the β̃ system. The β̃ system is driven
by α̃-system. By following the same steps as in [15], we
prove the L2 and pointwise boundedness of the (α̃, β̃ ,φ ,η)
and thus derive the pointwise convergence to zero of (u,v).
By the inverse backstepping transformation and chang of
variables, we obtain pointwise convergence to zero of w(x, t)
and thus achieve adaptive output feedback stabilization of the
vibrations of the membrane.

According to the backstepping transformation of β̂ in (85),
we obtain from (99) that

Ū(t) =
∫ 1

0
K̂2(1−ξ )β̂ (ξ , t)dξ . (102)

Substituting Ū(t) = ρ̂0U(t)+ρ1α̂(1, t), we have

U(t) =
1

ρ̂0

∫ 1

0
K̂2(1−ξ )β̂ (ξ , t)dξ − ρ1

ρ̂0
α̂(1, t). (103)

Substituting β̂ (x, t), α̂(1, t) and Y0(t) into (103), the explicit
adaptive controller is given by (37).

V. SIMULATIONS

We present the results of numerical simulation for the
wave equation (3). The parameters are c = 1, μ = 0.1 and
ν = 1. We see from Fig.1 that the open-loop is unstable and
oscillatory; the closed-loop system in Fig. 2 describes that
the adaptive control ensures the convergence of w(x, t) to
zero for all x ∈ [0,1]. The Fig.4 shows that the value of ρ̂0

converge to 3.466. Substituting it in (26), the estimate value
of ν agrees with its given value. A higher gain function in
update laws will induce a faster convergence of state w(x, t).

VI. CONCLUSIONS

In this paper we solve the problem of adaptive output
feedback stabilization for flow-induced vibrations of a mem-
brane at high Mach numbers. The aeroealstic model we
deal with is a wave PDE with an in-domain anti-damping
term coupled with a constant coefficient and a convective
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Fig. 1: Evolution of state w(x, t) when U(t) = 0.

Fig. 2: Response of (3)-(6) to the adaptive controller (37).

term with an unknown constant coefficient. We achieve the
pointwise convergence to zero of the state, whereas the
flow velocity is estimated by the adaptive update laws, as
shown in simulations. For future research, it is of interest to
explore the wave PDE with unknown parameter coupling the
anti-damping term. More control efforts are required since
anti-damping term is the main cause of the instability. The
simulation in this paper is to demonstrate the adaptive output
stabilization of the aeroealstic model. The simulation that the
values of flow coefficients are chosen from empirical data
will be the subject of future work.

ACKNOWLEDGMENTS

Huan Yu acknowledges financial support of China Scholar-
ship Council (CSC). Rafael Vazquez acknowledges financial
support of the Spanish Ministerio de Economı́a y Competi-
tividad under grant MTM2015-65608-P.

REFERENCES

[1] Zhang, Wei-Wei, Zheng-Yin Ye, Chen-An Zhang, and Feng Liu.
”Supersonic flutter analysis based on a local piston theory.” AIAA
Journal 47, no. 10 (2009): 2321-2328.

[2] Morgan, Homer G. ”Theoretical considerations of flutter at high Mach
numbers.” Journal of the Aerospace Sciences (2012).

[3] Dugundji, John. ”Theoretical considerations of panel flutter at high
supersonic Mach numbers.” AIAA Journal 4.7 (1966): 1257-1266.

[4] Uzal, Erol, and Banu Korbahti. ”Vibration control of an elastic strip
by a singular force.” Sadhana 35.2 (2010): 233-240.

Fig. 3: Input and output of the closed-loop system.

Fig. 4: Evolution of ρ̂0(t).

[5] Sezgin, Aziz, and Miroslav Krstic. ”Boundary Backstepping Control
of Flow-Induced Vibrations of a Membrane at High Mach Numbers.”
Journal of Dynamic Systems, Measurement, and Control 137.8, 2015.

[6] Ashley, H., and Zartarian, G., Piston TheoryA New Aerodynamic Tool
for the Aeroelastician, Journal of the Aeronautical Sciences, Vol. 23,
No. 12, 1956, pp. 11091118.

[7] Dowell, Earl H., and Kenneth C. Hall. ”Modeling of fluid-structure
interaction.” Annual Review of Fluid Mechanics 33, no. 1 (2001):
445-490.

[8] Smyshlyaev, Andrey, Eduardo Cerpa, and Miroslav Krstic. ”Boundary
stabilization of a 1-D wave equation with in-domain antidamping.”
SIAM Journal on Control and Optimization 48, no. 6 (2010): 4014-
4031.

[9] Smyshlyaev, Andrey, and Miroslav Krstic. ”Boundary control of an
anti-stable wave equation with anti-damping on the uncontrolled
boundary.” Systems and Control Letters 58.8 (2009): 617-623.

[10] Krstic, Miroslav, Bao-Zhu Guo, Andras Balogh, and Andrey
Smyshlyaev. ”Output-feedback stabilization of an unstable wave equa-
tion.” Automatica 44, no. 1 (2008): 63-74.

[11] M. Krstic, Dead-Time Compensation for Wave/String PDEs, Journal of
Dynamic Systems, Measurement, and Control 133.3 (2011): 031004.

[12] M. Krstic, ”Adaptive control of an anti-stable wave PDE.” American
Control Conference, 2009.

[13] R. Vazquez, M. Krstic, ”Marcum Q-functions and explicit kernels
for stabilization of 2 × 2 linear hyperbolic systems with constant
coefficients.” Systems & Control Letters 68 (2014): 33-42.

[14] R. Vazquez, M. Krstic, and Jean-Michel Coron. ”Backstepping bound-
ary stabilization and state estimation of a 2×2 linear hyperbolic
system.” Decision and Control and European Control Conference
(CDC-ECC), 2011.

[15] H. Yu, R. Vazquez, M. Krstic, ”Adaptive Output Feedback for Hy-
perbolic PDE Pairs with Non-Local Coupling.” American Control
Conference, 2017, to be published.

675

Authorized licensed use limited to: The Hong Kong University of Science and Technology (Guangzhou). Downloaded on October 16,2024 at 10:58:38 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


