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Abstract— Traffic state estimation (TSE) refers to the infer-
ence of traffic state information from partially observed traffic
data and some prior knowledge of the traffic dynamics. TSE
plays a key role in traffic management as traffic control relies on
an accurate estimation of the traffic states. Macroscopic traffic
models describe traffic dynamics with aggregated values such
as traffic density, velocity, and flow and are often employed
for TSE of a freeway road segment. This paper integrates
Partial Differential Equation (PDE) observer design and deep
learning paradigm to estimate spatial-temporal traffic states
from boundary sensing. With the PDE observer providing an
rigorous guarantee for state estimates, we propose Observer-
Informed Deep Learning (OIDL) paradigm which is a data-
driven solution to TSE that leverages the PDE observer design.
An Observer-Informed Neural Network (OINN) is constructed
by training NN to generate state estimates and use the boundary
observer for regularization. The OINN forms a novel class of
data-efficient function approximators that encode PDE observer
as theoretical guarantee and improves the accuracy and conver-
gence speed. Experiments using NGSIM data-set demonstrate
that the proposed OIDL reduces the estimation error compared
to either the model-based observer or either the data-driven
neural network. We also compare OIDL with the existing
Physics-informed Deep Learning (PIDL) approach for TSE.

Index Terms— Boundary Observer, Traffic State Estimation,
Physics-Informed Deep Learning

[. INTRODUCTION

Freeway traffic management such as ramp metering con-
trol, varying speed limits control usually relies on accurate
real-time information of traffic states [19]. Freeway traffic
conditions can be detected at locations equipped with sensors
such as loop detectors and cameras. Due to financial and
technical limitations, it is difficult to measure spatially dis-
tributed traffic states on the freeway at all times. Therefore,
it is important to estimate the full traffic states of a road
segment from partial observations, usually referred to as the
traffic state estimation (TSE) problem [14]. In particular,
boundary observer design is of practical relevance since it
estimates the in-domain traffic states from observations at the
boundary of a road segment, where traffic states are described
with aggregated values such as density, velocity, and flow.
Fig. 1 gives an example of TSE by a boundary observer.

Most approaches of boundary observer TSE can be
grouped into two categories, model-based [1], [2], [11],
[12], [21], [22], [24], [25] and data-driven [8], [15], [23],
depending on a priori knowledge of traffic dynamics and
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Fig. 1. The boundary observer aims to estimate the macroscopic traffic
state in a spatial-temporal region given boundary observations. In this figure
we use traffic density as an example.

the input traffic data they employ. The model-based ap-
proaches employ macroscopic traffic models as explicit a
priori knowledge to describe the evolution of aggregated
traffic states, including the first-order Lighthill-Whitham-
Richards (LWR) model [2], and the second-order Aw-Rascle-
Zhang (ARZ)model [24]. The widely applied model-based
TSE approaches are derived from data assimilation such as
Kalman Filter and its variants [11], [12], [21]. The other ma-
jor approaches mainly focus on solving PDE-based boundary
value problems using numerical schemes [1], [22], or control
design [24], [25]. When the model is representative, the
model-based approach achieves accurate estimation with
high interpretability. However, to get such a representative
model requires careful calibration from a large volume of
traffic data.

The data-driven approaches make no explicit assumptions
on the traffic dynamics and rely on historical traffic data.
It works as a black box to capture the traffic dynamics
directly from historical and current observation. The data-
driven TSE has been extensively studied such as linear
regression [15], Bayesian network[8], deep learning [23].
Compared with model-based approaches, the data-driven
methodologies automatically learn the traffic dynamics from
data and thus could overcome the limitations of a manually
calibrated model. However, one main drawback of the data-
driven TSE approaches lies in their lack of interpretability
and generalization. For example, some neural-network-based
algorithms might give unreasonable estimations when NN is
trained on some training data and the real traffic presents a
different pattern with the training data [10].

To combine the strength of model-based and data-driven
approaches, hybrid frameworks have received considerable
attention. Raissi et al. [13] propose a general structure,
Physics Informed Deep Learning (PIDL), to solve Boundary
Value Problem or Initial Value Problem of PDEs using neural
networks. The integration of physical models and machine
learning has received increased attention in a number of
applications, such as underground reservoir pressure man-
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agement, [6], climate change forecasting [9], and battery
modeling [20]. Huang et al. [7], and Shi et al. [16], [17],
[18] applied PIDL hybrid approaches to achieve TSE with
distributed loop detectors among the road.

In this paper, we propose a novel hybrid TSE framework
combining a designed PDE boundary observer [24] and deep
learning paradigm [13], which has not been studied before to
the best of authors’ knowledge. We develop a PDE Observer
informed Deep Learning (OIDL) approach to estimate in-
domain traffic states with only boundary sensing. The previ-
ous hybrid frameworks [7], [18] use multiple distributed loop
detectors for TSE on a road segment whereas the proposed
OIDL only requires sensors at two boundaries. The decrease
in the measurements poses new challenges to the estimation
since less information on the traffic dynamics is revealed.
Beyond solving boundary value problems for macroscopic
traffic PDE, the OIDL approach approximates the PDE
boundary observer which is designed to analytically predict
the real-time traffic simply from boundary measurements.
The main contributions are summarized as:

o The proposed OIDL approach estimates in-domain traf-
fic states with only boundary sensing. An observer
uninformed neural network uses boundary observations
as TSE input and its output is regularized by the PDE
observer provided as rigorous estimation guarantees.
The PDE observer estimation errors converge to zeros
in finite time.

e We perform experiments on the NGSIM data-set, and
the result shows that the proposed OIDL reduces the
estimation error for density and speed by 5% and
15% compared with the pure model-based boundary
observer.

e We also compare OIDL with the state-of-the-art hybrid
framework PIDL. Experiments show that the OIDL not
only increases the estimation accuracy but also reduces
the computation burden.

II. MODEL-BASED BOUNDARY OBSERVER

We consider the evolution of the traffic dynamics on a road
segment of the length of L. The spatial-temporal domain is
D = {(z,t)|0 <z < L,t >0} C R% A macroscopic model
can be written in the general form of

Ou(z,t) + Nu(z,t);w] =0, (z,t) €D, (D)

where u(z,t) is aggregated traffic states like traffic flow ¢,
density p, speed v; AN is a general non-linear differential
operator parametrized by w. In this section, we will first
give the second-order ARZ model, and then introduce the
designed observer [24].

A. ARZ model

The ARZ model is a second-order macroscopic model,
governing the evolution of traffic density p(z,t) and traffic
velocity v(z,t)

Orp + 0 (pv) =0, 2

Au(p(v — V(0))) + 0 (po(v — V(p))) = — L=V

-
3)

Boundary Initial Boundary Initial
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y(@® X(x,0) y(@®) X(x,0)
System Boundary
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| xeo [EED)
Fig. 2. A comparison of the ARZ model and the boundary ob-

server. Given initial conditions p(x,0),v(z,0) and boundary conditions
p(0,t),v(0,t), p(L,t),v(L,t), a well-defined solution of the ARZ model
p(z,t),v(x,t) can be derived. The boundary observer, on the other side,
aims to estimate the in-domain solution given only boundary observations.
The boundary observer should be designed such that given an inaccurate
initial estimation p(x,0),0(x,0), the estimated states p(zx, t), d(z,t) con-
verges to the p(z,t),v(z,t).

where V(p) and 7 are the two parameters. V(p) denotes
equilibrium velocity-density relationship, and 7 is relaxation
time which describes the drivers’ behavior adapting to the
equilibrium relation V'(p) over time. The equilibrium rela-
tionship V' (p) is chosen to satisfy two conditions: a) V'(p) is
a decreasing function of density p, i.e., V/(p) > 0 ; and b)
the equilibrium flow function Q(p) = pV (p) is concave, i.e.,
Q" (p) < 0. One basic choice of V(p) is the Greenshield’s
model, V(p) = vy — vy (p/pm) , Where p,, is the maximum
density and vy is the maximum velocity.

B. Boundary observer design beyond PDE model

Backstepping design is a classical method for control and
estimation of PDE systems and was employed to design the
Luenburger-type boundary observer in [24]. In Fig. 2, we
give a comparison of the model-based forward solution and
the boundary observer. To have a unique well-defined solu-
tion of the ARZ model, both initial conditions and boundary
conditions should be specified. The boundary observer, on
the other side, aims to estimate the in-domain traffic states
with only boundary observations. In [24], we design a bound-
ary observer such that the estimated states p(x,t),d(x,t)
converge to the ground truth given any bounded initial esti-
mation p(z,0),d(x,0). We only provide the PDE observer
formulation in this paper. Detailed mathematical derivations
can be found in [24].

We take the measurement of boundary values of the traffic
density and velocity at x = 0 and x = L as in (4), (5),

yipn(t) = p(O, t)a yivn(t) = U(Ov t)v 4)
ygut(t) = p(L, t)7 ygut(t) = U(Lv t)- (5

The PDE observer is given by

Orp + 0y (ﬁ'ﬁ) = LB, (6)

o+ (o v (@) o= g )
0 Yy (@)

f}(L7 t) = y}))ut (t)a (9)

where p(x,t) and ©(z,t) are the estimated traffic density
and speed respectively, F,, and F, are the designed output
injection terms that are used to correct the estimation based
on the boundary measurements. The general form of E,
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Fig. 3. In the proposed OIDL paradigm, OUNN generates traffic state
estimates p, © by taking boundary data as the input, then OINN regulates
the purely data-driven estimation by a residual value f that is designed
based on the boundary observer.

(x,t) €0

(“lossf
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i ™
. input to the NN output from the NN /\7 _) loss value

Fig. 4. Data-flow in the OIDL. For the observation sets O, only
the OUNN is used to calculate the loss value. While for the auxiliary
sets A, both OUNN and OINN are involved. For both O and A, only
indexes (z,t) are required. The observed boundary traffic states y(t) =

[0 (8), YD (8), 2, (£), Y2y, ()] are given in P.

and FE, can be written as a function of the estimation

p(x,t),0(z, t), the observation y2 (t), yb.. (£), y2 (t), yu (1),
and the model parameters V, 7,

o, t), Yo (), Youe (8), Uin (), Youe (£), V, 7)
(10)

E, = E, (p(z,1),

EU = Ev (ﬁ(‘ra t)v 6(:177 t)a yipn(t)a ygut (t)a yivn(t)v ygut(t)v ‘/7 7_) .

Y

The detailed formulation of the output injection terms F,,
and F, is referred to [24]. With the designed E, and E,,
we have the following theorem [24] stating its stability.

Theorem 1: Consider the estimated system with initial
condition p(z,0) — p(z,0) € L([0, L)), v(x,0) — o(x,0) €
L?([0, L]), the estimation error is exponentially stable in the
L? sense. It holds that

lp(58) = A D = 0,
[o(-,%)

and the estimation errors converge to zero within finite time
[24].

(12)
13)

III. OBSERVER-INFORMED DEEP LEARNING PARADIGM

The proposed OIDL consists of two parts, an Observer
Uninformed Neural Network (OUNN) to estimates the traffic
state by a neural network; and an Observer Informed Neural
Network (OINN) to regularize the estimation output of
OUNN. The OIDL is optimized to meet two objectives. From
the data-driven perspective, traffic state estimates should be
as close as possible to some observation data. From the

model-driven perspective, the estimation is aimed at approx-
imating the PDE observer on some training data which are
theoretical constraints for traffic state estimates of OUNN.
Two types of training data are introduced to realize these
two objectives respectively, observation points and auxiliary
points.

1) Observation Points O = {0, L} x [0,T] representing
the (location, time) where and when each observation
is obtained, and observed boundary traffic states P =
{2, (1), Yy (1), Y2 (), 3 (1)) recording the observed
traffic density and speed at the boundary of the con-
sidered road segment. The OUNN takes location =z,
time ¢ indexes as inputs and outputs estimated traffic
density p(x,t;0) and speed 0(x, t; 0) with 6 being the
trainable weight parameters of the OUNN. We aim to
minimize the errors between estimated traffic states and
the measured data at boundaries, so the data loss is

defined as
1
P _ A . 2
loss=5 D (pla,t) = pla,t:0)%, (14
(z,t)eO
1
lossy = o) Z (v(z,t) — 0(x,t;0))?, (15)
(z,t)eO
where O = |O| denotes the number of observation
points.

2) Auxiliary points A = {(z,t)} C Dy, where Dy
[0,L] x [0,T] is a spatial-temporal domain. The es-
timated states predicted by OIDL are regularized by
the designed boundary observer, that is, approximating
the observer’s prediction. And auxiliary points A are
the ones randomly selected from the whole spatial-

temporal domain, on which the observer loss is defined

as
1 ~
lossh =~ > |fpla.t.pla,t:0)  (16)
(z,t)eA
v 1 £ ~ . 2
lossO:Z Z | fo (2, t, 0(x, t;0))]7, (17
(z,t)eA

where fp and fv denote the residual value for state
estimates p and v,

fo =01p + 02(p) — E, (18)
Fo =000+ (0 + pV'(p)) Dy — Vi) = _ g
(19)

If the state estimates perfectly agree with the PDE
observer, the residual values become zeros.

In Fig.4, we present a diagram for the calculation process
of these two types of loss. To consider both the data loss and
the observer loss, the overall loss function is then defined as

loss = aplosst) + aylossy + Bylosst + Bylossy,  (20)

with «,, aw, B,, B, being non-negative coefficients to bal-
ance the trade-off between data discrepancy and observer
discrepancy. With a higher «, the OIDL puts more trust in the
observed data by training NN to reduce the data discrepancy
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Fig. 5. Estimation error under different percentages of auxiliary points.
The dotted line is the estimation error obtained by the pure model-based
boundary observer.
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Fig. 6. The loss curve for OIDL and PIDL. It can be seen that the proposed
OIDL reduces the loss value by approximately 10~2-5, and also takes nearly
15% fewer iterations to converge.

as much as possible, whereas with a higher 3, the OIDL puts
more trust in the theoretically derived observer.

The hybrid approach for TSE is also studied in related
work [7], [18] where PIDL is adopted.The key idea of
PIDL is to compute a data-driven solution to the initial
value boundary problem (IVBP) of PDEs as in Fig. 2.
Only when both the initial condition p(z,0), v(x, 0), and the
boundary condition among p(0,t), v(0,t), p(L,t), v(L,t)
are given, there exist a unique and well-posed solution of
the density and velocity solution p(z,t),v(x,t) governed
by the ARZ PDE model (2)-(3). If PIDL is applied for
TSE and initial condition data is not used for observations,
there does not exist a unique and well-posed solution from
model regularization. As a result, the state estimates of PIDL
could vary along with the intial conditions. In contrast,
our OIDL does not specify the initial condition as long
as the initial estimation errors are within some range as
stated in Theorem 1. The PDE boundary observer is able to
recover state estimates simply from boundary measurements.
This property could greatly compensate the drawbacks of
NN with regards to its sensitivity to the change of initial
conditions and the difficulty of optimizing hyper-parameters
when training NN.

IV. EXPERIMENT

To test the performance of the proposed OIDL, we im-
plement simulation experiments on the NGSIM data-set [4].
We first give the experiment settings and then analyze the
results to investigate the performance of the proposed OIDL.

A. Experiment setup

The NGSIM data-set collects the vehicles’ trajectory on a
highway in Emeryville, CA, USA. We adopt Edie’s formula

526 T 545 T g1e T
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(a) Err, (b) Err, (¢) number of

training iterations

Fig. 7. The boxplot of the estimation error and the number of iterations for
OIDL and PIDL. The red *X’ is the average. The blue line is the median,
and the two short lines are the minimum and maximum iterations. The low
and top boundaries of the box are the first and third quartile respectively.

[3] to transform the microscopic vehicle trajectory data
into macroscopic traffic states. For the continuous spatial-
temporal domain Dy = [0, L] x [0,T], we divide it into
N, x N cells, with each cell having space interval Az =
L/N, and time interval At = T/N;. Denote the discrete
spatial-temporal domain as G = {(i; - Az, i - At)]i, €
[Ny],i; € [N¢]}. We take a region of L = 480m, T = 750s,
and discrete it with Az = 20m, At = 15s, N, = 24, and
N t — 50

We adopt a fully connected neural network with 8 hidden
layers and 50 neons in each hidden layer as the OUNN.
We utilize the Xavier uniform initializer [5] to initialize the
weight parameters of the OUNN. For a hidden layer with
input-dimension n;, and output-dimension n,,;, its weight
variables are initialized based on the uniform distribution
between — 6 and . To train the OUNN

Nin+tNout nm+nou

parameters 6, we firstly run ADAM for 5,000 epochs for
rough training. Then we adopt L-BFGS to refine the NN.
The training will terminate when the change in loss during
two consecutive steps is smaller than 1076,

We adopt the data collected between 04:00 and 04:15 to
calibrate the equilibrium velocity-density relationship V' (p).
The relaxation time 7 is taken as 30s, as suggested in the
previous work [24].

B. Estimation results of OIDL

To analyze the estimation of the proposed OIDL, we take
the L? error to evaluate the estimation accuracy,
pla,t)

_ 1 T b p(l’,t)*

ETT’)_\/LTA A ( p
L T (e t) — o)\

EWU_\/LT/O /0 ( e ) dxdt, (22)

2
) dzdt, (21)

where p* and v* are the average of the ground truth.

We have run experiments under different percentages of
auxiliary points \A. In Fig. 5, we give the estimation error for
density and speed with a varying number of auxiliary points.
From the figure, the following findings can be made:

« First, the proposed OIDL reduces the estimation error,

compared to both pure model-based boundary observer
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Fig. 8. Ground truth p, estimation p, and estimation error p — p of traffic
density. (The unit of the color-bar is number of vehicles per meter.)

and pure data-driven neural network OUNN. In Fig. 5,
the dashed horizontal line represents the estimation error
obtained by the boundary observer. And the leftmost
bar with no auxiliary points is the estimation error
for OUNN. Under all percentages of auxiliary points,
the proposed OIDL obtains lower estimation error for
both density p and speed v, which demonstrates its
effectiveness.

e Second, with the increasing of auxiliary points, the
estimation error will decrease. Recall that the auxiliary
points are included to regularize the estimation output
from the OUNN. And with more auxiliary points,
the estimation in more (location, time) are utilized to
regularize the output by the neural network, and there-
fore the estimated states will agree with the boundary
observer more.

We then compare the proposed OIDL with the state-of-
the-art PIDL [18], which takes the ARZ model to regularize
the estimation of a neural network. The experiments of
OIDL and PIDL are taken under the same settings, including
initial weights 0 of the NN, auxiliary points A, and model
parameters V' (p) and 7. In Fig. 6, the loss value during the
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Fig. 9. Ground truth v, estimation 9, and estimation error 0 — v of speed.
(The unit of the color-bar is m/s.)

training process is given. It can be seen that the proposed
OIDL takes only 10k iterations to converge to the loss value
of 10~%?, The PIDL takes 12k iterations to converge, and
the final loss value is 107

We then run 100 experiments with random initial weights
of the neural network and different coefficient 5/«. In Fig.
7, we give the boxplot of the estimation error and the
number of iterations of OIDL and PIDL. From Fig. 7, the
proposed OIDL not only increases the estimation error, but
also reduces the computation burden.

o The OIDL reduces the estimation error for both density
p and speed v. From Fig. 7, the estimation errors ob-
tained by OIDL are Err, = 17.99%, Err, = 23.67%
for density and speed respectively, while for PIDL the
errors are Err, = 19.59% and Err, = 26.31%.

o The maximum possible iterations for OIDL and PIDL
are approximately the same, around 16k. But the av-
erage number of the iterations taken by the proposed
OIDL is 10k, which is lower than the 12k of the
PIDL. Therefore, the proposed PIDL converges faster,
alleviating the burden of computation.

To further investigate the estimation in more detail, we
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select the estimated traffic state with the lowest L? error
for OIDL and PIDL, and draw the heat-map of the ground
truth, estimated result, and estimation error in Fig. 8 and 9
for traffic density and speed respectively. Compared to the
ground truth, the PIDL may give misleading estimations. For
example, for the estimated and ground-truth traffic density
p in Fig. 8, near the area (x = 90m,t = 310s), false
congestion or even collision is expected to happen by PIDL.

From Fig. 7, 8, and 9, we can see that the proposed
OIDL obtains a more accurate estimation. The main reason
is stated as follows. In our experiments, since we have kept
all other experiment settings the same for PIDL and OIDL,
the main difference between these two hybrid frameworks
lies in the PDE model-based solution used to regularize
the estimation by the neural network. The PIDL adopts
the initial-boundary value solution of the ARZ model as
regularization, whereas the proposed OIDL uses the designed
boundary observer. If the IVBP solution of the ARZ model
is used as regularization, the change of initial condition
affects the estimation result. Even prescribed with the same
boundary conditions, the in-domain traffic states solution will
be different when the initial condition changes. In contrast,
the proposed boundary observer can converge to the PDE
solution within finite time as long as the initial estimation
error is within some range [24]. The initial estimation is
calculated as the output of OUNN. With different initial
weights of the neural network, the proposed OIDL can
reduce the estimation error by the designed output injection
terms, and therefore shorten the training process and increase
the estimation accuracy.

V. CONCLUSIONS

In this paper, we take the first step towards combining
the model-based boundary observer with the deep learning
paradigm. A boundary observer with a convergence guaran-
tee is adopted to regulate the training process of a neural
network, and a novel OIDL is proposed. Experiments on
the NGSIM data-set demonstrate that the OIDL reduces the
estimation error for both traffic density and speed compared
to the pure model-based boundary observer or the pure data-
driven deep learning. Compared with state-of-the-art hybrid
approaches for TSE, The proposed OIDL also increases the
estimation accuracy and reduces the computation burden.

This paper could have several promising future direc-
tions. First, similar to most deep learning frameworks, the
optimization of hyper-parameters will be a challenge for
OIDL. Second, the boundary observer is formulated under
congested traffic scenarios, and TSE under the free-flow
regime, or even mixed free and congested regime, requires
further investigation. Third, under noisy measurements, the
robustness of the structure remains to be an open problem.
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