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Abstract— Connected and automated vehicles (CAVs) have
shown great potential in improving traffic throughput, stability,
and safety in mixed-autonomy traffic. Many recent research
studies focus on developing longitudinal control strategies for
CAVs to achieve string stability of a heterogeneous vehicle
platoon but the potential impact of these control strategies on
safety has not been fully addressed. This paper proposed a
safety-critical control strategy for CAV leading cruise control
(LCC) framework in which there are both preceding and
following human-driven vehicles (HDVs) for a single CAV.
Considering the safety challenges brought by sudden accel-
eration and deceleration of the HDVs around the CAV, we
introduced the notion of control barrier functions (CBF) to
impart collision-free safety on a controlled LCC system. The
safety of both HDVs and CAV are incorporated into the
constraint-handling control design using a quadratic program,
in which the actual CAV control input from a nominal input
is penalized quadratically while the CBF safety constraints
of control input guarantee the non-negative spacing between
vehicles. The simulation results were conducted to validate the
proposed control strategy for two safety-critical scenarios.

I. INTRODUCTION

As vehicle-to-vehicle communication technology rapidly
develops, using connected and automated vehicles (CAVs)
to improve the efficiency and stability of the transportation
system has been widely studied over the recent decades.
Most existing studies focus on controlling a platoon of CAVs
and its string stability, given different choices of information
topology and formation geometry [8]. Early studies focused
on adaptive cruise control (ACC) [10] that automatically
adjusts the speed of vehicles to maintain a safe distance from
the predecessor vehicle. Extended from ACC, as shown in
Fig.1 (a), cooperative adaptive cruise control (CACC) [1],
[12] assumed that all vehicles in a platoon are CAVs and
developed linear feedback controller to mitigate disturbances
in platoon [12]. Model predictive control (MPC) was used in
[11] to guarantee safety distance between adjacent vehicles
in the CACC framework.

Despite the promising future envisioned for fully con-
nected and automated traffic systems, a long transition period
is inevitable during which CAVs and human-driven vehicles
(HDVs) have to coexist. Many recent research efforts are
being put into mixed autonomy traffic where only a portion
of vehicles are CAVs [5], [13], [14], [16], [18], [22], [23].
In [5], a single autonomous vehicle was used to stabilize
the traffic flow. [13] demonstrated that the CAVs in mixed-
autonomy traffic can dampen stop-and-go waves. The con-
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(c) Leading Cruise Control

Fig. 1: Different control strategy framework for CAVs. The
blue arrows represent wireless communication topology and
the red arrows represent the interaction direction of HDVs.
The white vehicles represent HDVs and the black vehicles
represent CAVs. For leading cruise control (c), the CAV re-
ceive information from the head HDV and following HDVs.

trollability and reachability of mixed-autonomy were studied
by [22], which proved that a single CAV can stabilize traffic
flow in the ring-road setting. Considering heterogeneous
HDVs and communication abilities of CAVs, [16] proposed
an optimal control control strategy [7]. The leading cruise
control (LCC), as shown in Fig.1 (c), was firstly introduced in
[14], in which the CAV control is designed to simultaneously
adapt its motion to the preceding HDVs as well as to
lead the following HDVS. The car-following behaviors are
described with optimal velocity car-following model [4] and
a linear feedback controller is designed for CAV acceleration
control input. Furthermore, a data-driven approach to LCC is
proposed by [15]. In this paper, we use the LCC framework
to describe the longitudinal dynamics of mixed-autonomy,
as the CAV’s impact on both the downstream and upstream
traffic flow is addressed with the framework. This paper
focuses on developing a safety-critical CAV control strategy
that guarantees both safety and string stability under the LCC
framework.

Safety is of critical importance for traffic systems. Many
studies focus on safety [9], [21] or string stability [5], [16],
[22] as different objectives of mixed-autonomy traffic, but
safety-critical control of mixed-autonomy traffic combining
the two objectives has not been fully addressed. In particular,
we investigate whether the control laws developed for CAVs
to smooth traffic can guarantee the safety of the system
and then develop a safety-enhanced control strategy using
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a single CAV to stabilize the traffic flow in a "collision-free"
manner.

Safety of dynamical systems is usually approached by
constraint-handling control methods such as classical optimal
control, model predictive control, barrier Lyapunov function
(BLF) [24] and control barrier function (CBF) [2]. Com-
pared with the aforementioned approaches, the CBF control
method provides a progressive approaching rate to the safety
barrier which is a more realistic design for traffic acceleration
control input. Moreover, neither MPC nor BLF contains the
notion of a nominal controller like CBF control, which can
be formulated for various primary control objectives, and
only when the safety constraints are active, the control input
need to deviate from the nominal controller. Therefore, we
employ CBF with a nominal controller for LCC so that both
string stability and safety can be achieved. The CBF has been
applied in a wide range of safety-critical systems, including
adaptive cruise control [3], multi-robot system [17], traffic
merging [20]. However, to the best knowledge of the authors,
using CBF for safety-critical control of LCC has not been
studied before.

Specifically, we integrate a nominal feedback controller
and CBF through a quadratic program (QP). The safety and
string stability of the traffic flow in the LCC framework
are simultaneously guaranteed when the safety constraints
of the control barrier function are inactive. Only when the
safety constraints are violated, the control input will deviate
from the nominal controller. The CAV guarantees the safe
spacing between all of its following HDVs and the HDV
ahead of it. To construct the above-mentioned method, we
formulate a quadratic program-based controller with CBF
constraints and a feedback nominal controller [14]. Such a
safety-critical control strategy can also be applied for other
choices of control objectives beyond string stability, such as
fuel consumption and CO2 emission.

II. LCC MODEL AND NOMINAL CONTROLLER

In this section, the LCC modeling of mixed-autonomy
traffic with a single CAV is introduced. We consider n + 2
vehicles on a single lane road as shown in Fig.1 (c) and only
longitudinal dynamics are considered. We briefly introduce
the string stability and how it is guaranteed by nominal
controller design [14], based on which the CBF safety design
will be introduced.

A. Modeling of mixed-autonomy traffic

The mixed-autonomy traffic model constitutes two parts:
the car-following model for human-driven vehicles and the
model for CAV in which control input is designed.

For HDVs, the car-following dynamics are described with
the ordinary differential equations (ODEs)

v̇i(t) = F (si(t), ṡi(t), vi(t)) , (1)

where the acceleration of vehicle i is a function of its own
velocity vi, the space si between vehicle i and vehicle i− 1
and the differential of space ṡi(t). The equilibrium of the
system v⋆ and s⋆ satisfy:

F (s⋆, 0, v⋆) = 0. (2)

The nonlinear car-following model is linearized around the
equilibrium.

˙̃si(t) = ṽi−1(t)− ṽi(t), (3)
˙̃vi(t) = α1s̃i(t)− α2ṽi(t) + α3ṽi−1(t), (4)

where α1 = ∂F
∂s , α2 = ∂F

∂ṡ − ∂F
∂v , α3 = ∂F

∂ṡ and the state
variations of the ith HDV are defined as:

s̃i(t) = si(t)− s∗, (5)
ṽi(t) = vi(t)− v∗. (6)

The optimal velocity model (OVM) [4] is chosen

F (·) = α (V (si(t))− vi(t)) + βṡi(t), (7)

where V (s) is a continuous piecewise function, representing
the spacing-dependent desired driving velocity function of
the human driver. V (s) is given by:

V (s) =


0, s ≤ sst
vmax

2

(
1− cos

(
π s−sst

sgo−sst

))
, sst < s < sgo

vmax, s ≥ sgo
(8)

where sst, sgo, vmax represent a small spacing, a large spac-
ing and the maximum velocity respectively. The coefficient
α represents how the i-th vehicle accelerates with respect to
its speed difference from the desired driving speed whereas
coefficient β represents how the i-th vehicle changes its ac-
celeration according to the speed difference from its leading
vehicle. The coefficients relation between the OVM model
(7) and the linearized model (3)(4) is given by: α1 =
αV̇ (s∗) , α2 = α+ β, α3 = β.

For the CAV with i = 0, the vehicle dynamics can be
written as (9) and (10), where the acceleration of the CAV
is the control input u(t).

˙̃s0(t) = ṽh(t)− ṽ0(t), (9)
˙̃v0(t) = u(t). (10)

The state of the LCC model includes the space deviations
and the velocity deviations of CAV and HDVs, given by

x(t) = [s̃0(t), ṽ0(t), . . . , s̃n(t), ṽn(t)]
T
. (11)

The linearized LCC model (3)(4) and (9)(10) is written as

ẋ(t) = Ax(t) +Bu(t) +Dṽh(t), (12)

where A ∈ R(2n+2)×(2n+2), B,D ∈ R(2n+2)×1. The time-
varying variable ṽh(t) is the velocity deviation of the head
vehicle, which is regarded as an external disturbance and
i, j ∈ [1, n],

A =


P1

P2 P1

. . .
. . .
P2 P1

 ,

B =
[
bT0 , b

T
1 , . . . , b

T
n

]T
, D =

[
dT0 , d

T
1 , . . . , d

T
n

]T
,

P1 =

[
0 −1
α1 −α2

]
, P2 =

[
0 1
0 α3

]

b0 =

[
0
1

]
bi =

[
0
0

]
, d0 =

[
1
α3

]
dj =

[
0
0.

]
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B. String stability and nominal controller

For a platoon of vehicles, head-to-tail string stability [6]
is frequently used to evaluate the CAV’s ability to attenuate
velocity fluctuations of the following vehicles. Denote the
velocity deviation of the vehicle at the head and the one
at the tail as ṽh(t) and ṽt(t), respectively. The head-to-tail
transfer function is defined as

Γ(s) =
Ṽt(s)

Ṽh(s)
, (13)

where Ṽh(s), Ṽt(s) denote the Laplace transform of ṽh(t)
and ṽt(t), respectively. Then head-to-tail string stability
holds if and only if

|Γ(jω)|2 < 1, ∀ω > 0, (14)

where j =
√
−1 and | · | denotes the modulus.

For the linearized LCC mixed-autonomy system (12), we
consider a system with one preceding HDV of a single CAV
and n following HDVs. The input and output of the LCC
system are head vehicle velocity error ṽh(t) and tail vehicle
velocity error ṽn(t). For HDVs dynamics (3)(4), the local
Laplace transfer function is then written as:

Ṽi(s)

Ṽi−1(s)
=

α3s+ α1

s2 + α2s+ α1
=
φ(s)

γ(s)
. (15)

where φ(s) = α3s+ α1, γ(s) = s2 + α2s+ α1.
For the nominal controller of CAV, we adopt a state-

feedback nominal controller proposed in [14], in which the
CAV acceleration is constructed with the states of HDVs, as
follows:

u0(t) = α1s̃0 −α2ṽ0 +α3ṽ−1 +
∑

i∈F∪P
(µis̃i(t) + kiṽi(t)) ,

(16)
where µi, ki are the feedback gains corresponding to the state
of vehicle i. The feedback control gains are chosen such
that equation (14) is satisfied and the closed-loop system is
string-stable. However, safety of vehicles are not considered,
for example, the positive spacing between vehicles are not
guaranteed in the closed-loop system.

Based on the nominal controller, we propose a control bar-
rier function-quadratic programming-based controller design
in which the conflict between safety and nominal stabiliza-
tion is mediated by penalizing the deviation of the actual
control input from the nominal controller quadratically.

III. SAFE CONSTRAINTS AND CBF-QP-BASED
CONTROLLER

In this section, definitions of control barrier function and
high-order control barrier function are first introduced, based
on which the CBF-QP-based control design is developed.
The safe constraints are designed for the safe space among
the following HDVs and the safe space between the CAV
and the head HDV. We then use quadratic programming to
integrate safety conditions with the nominal controller. For
feasibility consideration, we assign the safe space of the CAV
and the head HDV with higher priority, than the one of the
following HDVs.

A. Control Barrier Function

Consider an affine control system

ẋ = f(x) + g(x)u, (17)

Where x ∈ Rn, f : Rn → Rn and g : Rn → Rn×q are
locally Lipschitz, u ⊂ Rq . As for the system (12), f(x) =
Ax+Hṽh, g(x) = B.

Definition 1 (control barrier function [3]): Let C ⊂ D ⊂
Rn, C = {x ∈ D ⊂ Rn : h(x) ≥ 0} be the super level set
of a continuously differentiable function h : D ⊂ Rn → R,
then h is a control barrier function for system (17) if there
exists an class K functions α such that:

sup
u∈U

[Lfh(x) + Lgh(x)u] ≥ −α(h(x)), (18)

for all x ∈ D.
For mth order differentiable function h : Rh → R, m+1

equations are defined:

ψ0(x) :=h(x),

ψ1(x) :=ψ̇0(x) + α1 (ψ0(x)) ,

...

ψm(x) :=ψ̇m−1(x) + αm (ψm−1(x)) .

(19)

where ψ0 : Rn → R, ψ1 : Rn → R, ψ2 : Rn →
R, ..., ψm : Rn → R, α1(·), α2(·), . . . , αm(·) denote m Class
K functions.

CBFs are defined to impart system safety by guaranteeing
forward invariance of a safe set of vehicle trajectories. The
safe constraints defined by CBFs are constructed for system
outputs. For a given nominal control input by CBF-QP,
CBF constraints have relative degrees. Specifically, the safety
constraints we proposed in this paper are spacing gaps of
the following vehicles that are of high relative degree with
respect to the control input. Therefore, high-order CBFs will
be employed in our design.

Definition 2: (High-order CBF [19]) A function h : Rn →
R is a high order control barrier function (HOCBF) of
relative degree m for system (17) if there exist differentiable
class K functions α1(·), α2(·), . . . , αm(·) such that

Lm
f h(x) + LgL

m−1
f h(x, t)u+ ∂mh(x,t)

∂tm +O(h(x))

+αm (ψm−1(x)) ≥ 0
(20)

for all x ∈ C1∩C2∩, . . . ,∩Cm, LgL
m−1
f h(x) ∈ R1×q . O(·)

denotes the remaining Lie derivatives along f and partial
derivatives with degree less than or equal to m− 1.

C1 := {x ∈ Rn : ψ0(x) ≥ 0} ,
C2 := {x ∈ Rn : ψ1(x) ≥ 0} ,

...
Cm := {x ∈ Rn : ψm−1(x) ≥ 0} .

(21)

The HOCBF are determined by a set of class K functions for
constraints of high relative degrees. Similar with CBF, the
safety set is forward invariant when the HOCBF is satisfied.
Then we will introduce the design of the safety constraints.
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B. Safety constraints design
HDVs safety constraint: Assume that there are n follow-

ing HDVs, vehicle index i ∈ [1, n]. For the system (12), the
spacing between the vehicle i and the preceding vehicle i−1
should be larger than a safe distance ssafe,HDV so that

s̃i + s∗ ≥ ssafe,HDV, (22)

where the safe spacing of the following HDVs is defined as

ssafe,HDV = τ1(ṽi − ṽi−1), (23)

and τ1 is the HDV’s reaction time.
We aim to design a CBF to guarantee the safety of

the HDVs that follow the leading CAV. As the states of
the following HDVs have a higher relative degree than
the control input, we use HOCBF to tackle the problem.
Consider the following HOCBF candidate for i-th following
vehicle

hi(x) = s̃i + s⋆ − τ1(ṽi − ṽi−1). (24)

As presented in Definition 2, we choose Kα as a set of linear
coefficients. The relative degree is i for the i-th following
vehicles. To ensure the safety of the system (12) with respect
to CBF candidate hi(x), the control input obtained by CBF-
QP should satisfy:

sup
u∈U

[
Li
fhi(x) + LgL

i−1
f hi(x)u

]
≥ −Kαηb(x), (25)

where Li
fhi(x) = ∇hi ∗ (A ∗ X)r, LgL

i−1
f hi(x) = ∇hi ∗

(A ∗X)i−1 ∗B,

Kα = [p1, p2, ..., pi], (26)

ηhi
(x) :=


hi(x)

ḣi(x)

ḧi(x)
...

h
(i−1)
i (x)

 =


hi(x)
Lfhi(x)
L2
fhi(x)

...
Li−1
f hi(x)

 . (27)

CAV safety constraint: For safety of the leading CAV, its
spacing to the head HDV needs to be guaranteed, considering
the velocity disturbance from the head HDV. It is satisfied
for the CAV:

s̃0 + s∗ − ssafe,CAV ≥ 0, (28)

where the safe space of CAV and head vehicle is defined as:

ssafe,CAV = τ2(ṽ0 − ṽh), (29)

and τ2 denotes the reaction time of the velocity difference
between CAV and head vehicle.

Consider the following CBF candidate

h0(x) = s̃0 + s⋆ − τ2(ṽ0 − ṽh). (30)

As shown in Definition 1, we have the constraint for the
control input:

Lfh0 + Lgh0u+ α(h0(x)) ≥ 0, (31)

where Lfh0 = −ṽ0 − τ2(α1s̃0(t)− α2ṽ0(t)), Lgh0 = −τ2.
The class K function α(x) = p0x, where p0 is a linear
coefficient.

C. Quadratic Programming problem formulation
To guarantee the safety of the closed-loop LCC system,

the control input u need to satisfy the proposed safety
constraints, and at the the same time minimize deviations of
u from the stabilizing nominal control input u0. A quadratic
programming yields that

u∗ = argmin
u

|u− u0|2, (32)

where u0 is the nominal controller (16). Assume that there
are n following HDVs after CAV. The above QP problem is
written as:

u∗(t) =
1

2
u(t)THu(t) + FTu(t), (33)

where H = 1, F = −2u0, subject to:

HDVs′ safety constraint :
Lfh1(x) + Lgh1(x)u ≥ −Kαηb(x),

...
Ln
fhn(x) + LgL

n−1
f hn(x)u ≥ −Kαηb(x),

(34)

CAV′s safety constraint :

LfhCAV + Lg2hu+ α(h0(x)) ≥ 0. (35)

Consider that the feasibility of the controller, HDVs safety
constraints and CAV safety constraint may conflict in some
conditions. In other words, the safety priority for the HDVs
and CAV in the LCC framework needs to be defined. We
set the CAV safety constraint with higher priority than the
following HDVs safety constraint because if a collision hap-
pens for the leading CAV, a larger number of the following
vehicles will be affected, compared with a collision in the
following platoon.

IV. NUMERICAL SIMULATION

Simulation is carried out to validate performance of the
proposed CBF-QP controller in two safety-critical scenarios.

A. Two safety-critical scenarios
We consider a simplified LCC setup that includes one head

HDV, one CAV, and two following HDVs. The simulation is
conducted using MATLAB quadprog to solve the quadratic
programming problem. For initial condition, we assume that
all vehicles in the platoon drive with equilibrium velocity
v⋆ = 20m/s and constant spacing s⋆ = 20m. The simulation
time step is 0.01s and the total simulation time is 50s. The
model parameters of (8) are considered as: the small spacing
sst = 5 m, the large spacing sgo = 35 m, the maximum
velocity vmax = 40 m/s and minimum velocity vmin = 0
m/s. The maximum acceleration and deceleration are set
to 7 m/s2 and −7 m/s2 respectively. For the parameters
of OVM (7), α and β are 0.6 and 0.9. The feedback
gains of nominal controller in (16) and CBF parameters
in (24)(25)(30)(31) are shown in the Table I.

We define a driving condition to be unsafe in which a
collision happens (i.e. space gap is less than zero). For
example, sudden acceleration/deceleration disturbances of
HDVs last for a certain duration time. We set the disturbance
acceleration from 0 m/s2 to 7 m/s2 and the disturbance
deceleration from 0 s to −7 m/s2. The disturbance duration
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Feedback gains µ−1 k−1 µ1 k1 µ2 k2

Value 0.2 -0.5 -0.2 0.05 -0.1 0.05

CBF parameters τ1 τ2 p0 p1 p2

Value 4 3.5 12 1 0.85

TABLE I: nominal control gains and CBF parameters

time is from 0s to 7s. For comparison, numerical simulations
are conducted for the closed-loop LCC model with the
nominal controller and with the CBF-QP-based controller
respectively.

Two scenarios that could cause safety-critical failures for
the LCC model are simulated. Consider the scenario 1, the
HDVs following the CAV in the platoon may suddenly accel-
erate due to human mistakes caused by driving fatigue. Such
an instantaneous acceleration could endanger the vehicles
ahead of it. In particular, we add disturbances to the second
following HDV which is at the tail of the platoon system. At
15s, the following HDV (index = 2) accelerates with 7m/s2

for 1.8s.
In scenario 2, the head HDV may brake abruptly to

avoid a collision with some unexpected cutting-in vehicle
or crossing pedestrians, which may jeopardize safety of
the following vehicles. The disturbance signal is added to
the head HDV in simulation. In particular, we consider an
emergency at 35s that leads to the head HDV (index = −1)
decelerating with −7m/s2 for 2s, and then the head HDV
speed up to equilibrium speed for 2s after the risk is avoided.

B. Simulation results
To demonstrate the extent to which the safety of the

platoon is improved, as shown in Fig. 2, the x-axis is the
value of the disturbance signal (acceleration/deceleration),
the y-axis is the duration time of the disturbance signal, the
blue regions are the safety area of LCC using the nominal
controller and the green regions are the expanded area by
using the CBF-QP-based controller for LCC. In Fig. 2(a),
the 2-nd following HDV’s safety duration time increases by
average 0.7s for the disturbance signal duration from 2m/s2

to 7m/s2. In Fig. 2(b), it can be seen that the safe region of
the head vehicle is expanded by almost 60% using the CBF-
QP-based controller. These simulation results prove that the
CBF-QP-based controller can enhance the safety of both the
CAV and the following vehicles.

For the case study of scenario 1, as shown in Fig. 3, we
compare the effectiveness of the nominal controller and CBF-
QP-based controller when there is a sudden acceleration of
the following HDV. We give the following vehicle 2 a sudden
acceleration at 15s, and Fig. 3(a) shows that the following
vehicle 1 can not sense the vehicle behaviors behind so that
the collision happens. However, Fig. 3(b) shows that the CAV
using the CBF-QP controller ensures safety by speeding up
the following HDV 1 and thus avoiding its collision with
HDV 2.

The simulation results of scenario 2 are shown in Fig. 4,
we compare the results of the nominal controller and CBF-
QP based controller when the head vehicle has sudden decel-
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Fig. 2: Safety-guaranteed regions correspond to following
vehicle acceleration disturbance of scenario 1 and head
vehicle deceleration disturbance of scenario 2. The region
colored in blue represents the safe region for the nominal
controller with respect to disturbance amplitude and duration
time. The region colored in green represents the additional
safe area guaranteed by CBF-QP based controller.
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Fig. 3: Trajectory comparison in safety-critical scenario 1

34 35 36 37 38 39 40
Time/(s)

620

640

660

680

700

720

740

760

Po
si

tio
n/

(m
)

35s 37s 39s

Head HDV
Leading CAV
Following HDV 1
Following HDV 2

(a) Nominal controller

34 35 36 37 38 39 40
Time/(s)

620

640

660

680

700

720

740

760

Po
si

tio
n/

(m
)

35s 37s 39s

Head HDV
Leading CAV
Following HDV 1
Following HDV 2

(b) CBF-QP-based controller

Fig. 4: Trajectory comparison in safety-critical scenario 2.

eration. An emergency braking is added to the head vehicle
at 35s. Fig. 4 (a) shows that even though the LCC using
nominal feedback controller results in collision between the
CAV and head vehicle as only the string stability of the
platoon is considered. Fig. 4 (b) shows that the CBF-QP
controller for CAV avoids such collision and thus improves
the safety of the leading CAV with respect to the sudden
braking event of the head vehicle.

To further illustrate the simulation results, we analyze
the evolution of velocity and acceleration over the entire
temporal simulation domain that includes both scenario 1
and scenario 2. In Fig. 5(b) and Fig. 6(b), we can see
that the leading CAV’s velocity and acceleration from 15.5s
to 18s become much higher than that in Fig. 5(a) and
Fig. 6(a), which means that the HOCBF constraints are
active to prevent the collision between following HDV 1
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Fig. 5: Velocity comparison for both scenarios.
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Fig. 6: Acceleration comparison for both scenarios.

and following HDV 2. From 36s to 38s, the leading CAV
decelerates using the CBF controller, avoiding collision in
the same fashion.

V. CONCLUSION

In this paper, a CBF-QP-based CAV controller based
on the leading cruise control framework is proposed to
guarantee longitudinal collision-free safety of the mixed-
autonomy traffic. The proposed CBF safety filter mediates
the conflict between a nominal controller (string stability)
and safety under disturbances using a QP. The leading CAV
and the following HDVs are guaranteed to maintain safe
spacing under head vehicle deceleration disturbance and
under following HDV acceleration disturbance. For future
work, addressing communication delays of state-feedback
safety-critical control is of research interest.
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