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Abstract: Connected Automated Vehicle (CAV) has been considered as a transformative
technology to improve traffic performance from various aspects. Many recent efforts have focused
on the control of CAVs to dissipate stop-and-go waves in mixed-autonomy traffic. However, the
safety impact of the CAV control design has not been fully addressed. A feedback controller
that stabilizes the mixed vehicle platoon could cause rear-end collisions in some safety-critical
scenarios, which hinders the application of CAV control design. This paper focuses on designing
a Safety-critical Traffic Controller (STC) for a leading CAV that guarantees both safety and
stability in the closed-loop mixed traffic system. We first propose the safe driving constraints
for CAV and HDVs, based on which we design Control Barrier Functions (CBF) to penalize
a nominal control input for any safety violation. We synthesize a safety-critical controller by
integrating the CBF constraints with a nominal controller that achieves string stability and then
solving a Quadratic Programming (QP) problem. Numerical simulations demonstrate that the
proposed STC guarantees safety and expands the safety region of the mixed system. Simulations
on the NGSIM dataset further validate that STC avoids rear-end collisions in real traffic.
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1. INTRODUCTION

Connected and Automated Vehicle (CAV) has received
considerable attention due to its potential to improve traf-
fic performance from multiple aspects, such as increasing
traffic capacity (Chen et al., 2017), improving the sta-
bility of traffic flow (Talebpour and Mahmassani, 2016),
and increasing road safety (Wang et al., 2020b; Ye and
Yamamoto, 2019). Despite the promising benefits brought
by CAVs, there will be an inevitable long transition period
when the traffic is in mixed autonomy; namely, CAVs
coexist with Human Driven Vehicles (HDVs). Therefore,
control of CAVs in mixed autonomy traffic has been stud-
ied extensively over the past decade (Molnár et al., 2020;
Stern et al., 2018).

One main role of the CAV controller is to enhance traffic
flow stability and to dissipate the so-called stop-and-go
waves, which cause alternating acceleration and decelera-
tion of vehicles. In (Cui et al., 2017), the authors propose
that one single autonomous vehicle can locally stabilize
traffic flow in a ring road setting. It is demonstrated by a
field experiment in (Stern et al., 2018) that feedback con-
trol of a leading autonomous vehicle can dampen stop-and-
go waves in the following HDVs. The stabilization of mixed
traffic with multiple CAVs is further studied in (Wang
et al., 2020a, 2022b; Zheng et al., 2020), which focused on
achieving head-to-tail string stability of mixed autonomy
through different types of feedback information topology
enabled by Vehicle-to-Vehicle communication and coordi-
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nation of actuation by automated vehicles (Darbha et al.,
2018). To exploit CAV’s potential, multiple control strate-
gies have been proposed to stabilize mixed traffic. The
Adaptive Cruise Control (ACC) (Kesting et al., 2008) and
cooperative Adaptive Cruise Control (CACC) (Dey et al.,
2015) control the CAV by input states from head vehicles,
and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
Although many studies have discussed the potential in-
fluence of CAVs on traffic safety given the ratio of CAVs
in mixed traffic (Arvin et al., 2020; Rahman and Abdel-
Aty, 2018; Ye and Yamamoto, 2019), the research on
whether the controller of a CAV can guarantee mixed
traffic safety, especially in critical conditions, is still in-
sufficient. It is shown in (Dai et al., 2022) that a CAV
controller that achieves string stability may cause unsafe
rear-end collisions in a controlled platoon. Therefore, both
safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
dressed to the best knowledge of authors. When there are
potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
to give priority for maintaining safety. In particular, we
propose a safe control framework that synthesizes a feed-
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2018). To exploit CAV’s potential, multiple control strate-
gies have been proposed to stabilize mixed traffic. The
Adaptive Cruise Control (ACC) (Kesting et al., 2008) and
cooperative Adaptive Cruise Control (CACC) (Dey et al.,
2015) control the CAV by input states from head vehicles,
and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
Although many studies have discussed the potential in-
fluence of CAVs on traffic safety given the ratio of CAVs
in mixed traffic (Arvin et al., 2020; Rahman and Abdel-
Aty, 2018; Ye and Yamamoto, 2019), the research on
whether the controller of a CAV can guarantee mixed
traffic safety, especially in critical conditions, is still in-
sufficient. It is shown in (Dai et al., 2022) that a CAV
controller that achieves string stability may cause unsafe
rear-end collisions in a controlled platoon. Therefore, both
safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
dressed to the best knowledge of authors. When there are
potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
to give priority for maintaining safety. In particular, we
propose a safe control framework that synthesizes a feed-
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rear-end collisions in a controlled platoon. Therefore, both
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2018). To exploit CAV’s potential, multiple control strate-
gies have been proposed to stabilize mixed traffic. The
Adaptive Cruise Control (ACC) (Kesting et al., 2008) and
cooperative Adaptive Cruise Control (CACC) (Dey et al.,
2015) control the CAV by input states from head vehicles,
and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
Although many studies have discussed the potential in-
fluence of CAVs on traffic safety given the ratio of CAVs
in mixed traffic (Arvin et al., 2020; Rahman and Abdel-
Aty, 2018; Ye and Yamamoto, 2019), the research on
whether the controller of a CAV can guarantee mixed
traffic safety, especially in critical conditions, is still in-
sufficient. It is shown in (Dai et al., 2022) that a CAV
controller that achieves string stability may cause unsafe
rear-end collisions in a controlled platoon. Therefore, both
safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
dressed to the best knowledge of authors. When there are
potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
to give priority for maintaining safety. In particular, we
propose a safe control framework that synthesizes a feed-
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Adaptive Cruise Control (ACC) (Kesting et al., 2008) and
cooperative Adaptive Cruise Control (CACC) (Dey et al.,
2015) control the CAV by input states from head vehicles,
and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
Although many studies have discussed the potential in-
fluence of CAVs on traffic safety given the ratio of CAVs
in mixed traffic (Arvin et al., 2020; Rahman and Abdel-
Aty, 2018; Ye and Yamamoto, 2019), the research on
whether the controller of a CAV can guarantee mixed
traffic safety, especially in critical conditions, is still in-
sufficient. It is shown in (Dai et al., 2022) that a CAV
controller that achieves string stability may cause unsafe
rear-end collisions in a controlled platoon. Therefore, both
safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
dressed to the best knowledge of authors. When there are
potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
to give priority for maintaining safety. In particular, we
propose a safe control framework that synthesizes a feed-
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and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
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safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
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potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
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1. INTRODUCTION

Connected and Automated Vehicle (CAV) has received
considerable attention due to its potential to improve traf-
fic performance from multiple aspects, such as increasing
traffic capacity (Chen et al., 2017), improving the sta-
bility of traffic flow (Talebpour and Mahmassani, 2016),
and increasing road safety (Wang et al., 2020b; Ye and
Yamamoto, 2019). Despite the promising benefits brought
by CAVs, there will be an inevitable long transition period
when the traffic is in mixed autonomy; namely, CAVs
coexist with Human Driven Vehicles (HDVs). Therefore,
control of CAVs in mixed autonomy traffic has been stud-
ied extensively over the past decade (Molnár et al., 2020;
Stern et al., 2018).

One main role of the CAV controller is to enhance traffic
flow stability and to dissipate the so-called stop-and-go
waves, which cause alternating acceleration and decelera-
tion of vehicles. In (Cui et al., 2017), the authors propose
that one single autonomous vehicle can locally stabilize
traffic flow in a ring road setting. It is demonstrated by a
field experiment in (Stern et al., 2018) that feedback con-
trol of a leading autonomous vehicle can dampen stop-and-
go waves in the following HDVs. The stabilization of mixed
traffic with multiple CAVs is further studied in (Wang
et al., 2020a, 2022b; Zheng et al., 2020), which focused on
achieving head-to-tail string stability of mixed autonomy
through different types of feedback information topology
enabled by Vehicle-to-Vehicle communication and coordi-
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nation of actuation by automated vehicles (Darbha et al.,
2018). To exploit CAV’s potential, multiple control strate-
gies have been proposed to stabilize mixed traffic. The
Adaptive Cruise Control (ACC) (Kesting et al., 2008) and
cooperative Adaptive Cruise Control (CACC) (Dey et al.,
2015) control the CAV by input states from head vehicles,
and the Connected Cruise Control (CCC) observes the
following vehicles’ states to control the CAV (Orosz, 2016).
In (Wang et al., 2022a), the notion of Leading Cruise
Control (LCC) is proposed, where a feedback controller for
the CAV is designed with input states from both leading
and following vehicles.

Beyond the scope of stability, traffic safety evaluation is
of vital importance before considering the adoption of any
stabilizing CAV control strategies in the traffic system.
Although many studies have discussed the potential in-
fluence of CAVs on traffic safety given the ratio of CAVs
in mixed traffic (Arvin et al., 2020; Rahman and Abdel-
Aty, 2018; Ye and Yamamoto, 2019), the research on
whether the controller of a CAV can guarantee mixed
traffic safety, especially in critical conditions, is still in-
sufficient. It is shown in (Dai et al., 2022) that a CAV
controller that achieves string stability may cause unsafe
rear-end collisions in a controlled platoon. Therefore, both
safety and stability need to be considered jointly for the
CAV control in mixed traffic, which has not been ad-
dressed to the best knowledge of authors. When there are
potential conflicts between safety and stability in some
safety-critical scenarios, stability needs to be sacrificed
to give priority for maintaining safety. In particular, we
propose a safe control framework that synthesizes a feed-
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Fig. 1. We consider the control for a CAV following a
Head HDV and leading n Following HDVs. Given a
nominal controller that achieves string stability for
the mixed platoon, the proposed safety-critical traffic
controller synthesizes a safe control input to maintain
safe spacing for all vehicles in the controlled system.

back controller with a user-chosen nominal controller and
a Control Barrier Function Quadratic Program (CBF-QP)
redesign (Ames et al., 2019; Krstic, 2021), simultaneously
achieving safety and stability for the mixed system. The
CBF has been adopted in multiple areas, such as multi-
robot systems (Chen et al., 2020), and quadrotors (Xu and
Sreenath, 2018). In this paper, we utilize CBF to guarantee
safety for mixed autonomy. Previous work of the author
(Zhou and Yu, 2022) integrates CBF into car-following
traffic control to maintain the safety of mixed autonomy.
In this paper, we further extend the previous work by
designing a safety-critical controller with less computation
cost and testing it with real traffic data.

In this paper, we aim to design a safety-critical CAV
controller that avoids rear-end collision for its own safety
consideration and for the following HDVs as well. We
design and validate the safety-critical controller from the
following aspects:

• We define a safe longitudinal car-following policy for
both the leading CAV and the following HDVs to
guarantee collision-free safety of the mixed traffic
system. To achieve the safe driving requirement, we
employ Control Barrier Function (CBF) (Ames et al.,
2019; Krstic, 2021) to impart safety on the controlled
system. In particular, we design CBF candidates with
the relative degree one for both the CAV and HDVs,
which reduces the computation complexity and cost
compared with high-order CBF (Zhou and Yu, 2022).

• We propose a Safety-critical Traffic Control (STC)
framework, which provides safety guarantee for a
nominal controller that is pre-designed to stabilize the
traffic for head-to-tail string stability. The safety con-
straints defined by CBF restrict the nominal control
input and deviate it from violation when necessary.
The conflict between safety and stability is mediated
at a minimum cost by solving a Quadratic Program-
ming (QP) problem.

• We specify a risky scenario where the head vehicle
suddenly decelerates to demonstrate the safety im-
provement of the STC controller. We delineate and
compare the maximum safe duration of HHDV’s de-
celeration of the nominal controller and the designed
STC controller. We further validate the STC con-
troller on the Next Generation Simulation (NGSIM)
dataset. Results show that while the nominal con-
troller causes rear-end collision, the STC controller
guarantees safety for the mixed autonomy.

2. MICROSCOPIC TRAFFIC MODEL FOR MIXED
AUTONOMY

In this section, we first introduce the microscopic traffic
model that describes the acceleration of a vehicle given
the traffic states, i.e., speed and gap. Then we linearize
the model and derive the mixed autonomy traffic model.

2.1 Car-following model for HDVs and CAV

We consider a platoon of n HDVs led by a CAV. The CAV
follows a Head HDV (HHDV) and leads n Following HDVs
(FHDVs), as shown in Fig. 1.

We use a microscopic model to describe the car-following
motions of FHDVs. For a vehicle i, the dynamics of its
microscopic states, gap si and velocity vi, are given by

ṡi(t) = vi−1(t)− vi(t), (1)

v̇i(t) = F (si(t), ṡi(t), vi(t)) , (2)

where vi−1 is its leader’s speed, F is an acceleration
function describing the driver’s driving strategy dependent
on its speed vi and gap si. One straightforward and widely-
adopted functional form is the Full Velocity Difference
Model (FVDM), which gives the acceleration as

v̇i = α(V (si)− vi) + βṡi, (3)

where V (s) is the desired speed-gap relationship. We take
the V (s) adopted in (Wang et al., 2022a; Zheng et al.,
2020) as:

V (s) =




0, s ≤ sst,
vmax

2


1− cos


π s−sst

sgo−sst


, sst < s < sgo,

vmax, s ≥ sgo.

(4)

Based on the gap between vehicles, the desired speed is
divided into three formulations:

• When the gap is smaller than the low-threshold sst,
the desired speed is zero, which means the gap is
unsafe and the vehicle should stop.

• When the gap is larger than the up-threshold sgo, the
leader vehicle is too far to influence drivers’ decision,
and the vehicle cruises at the maximum speed vmax.

• When the gap is between the two thresholds, the
driver is in the car-following model, and cruises con-
sidering both its state and the leader vehicle’s state.

For the CAV, its gap is determined by its speed v0(t) and
the speed of its leader HHDV. The CAV’s longitudinal
acceleration is directly actuated by the control input u(t),
and we have the CAV car-following model as

ṡ0(t) = v−1(t)− v0(t), (5)

v̇0(t) = u(t), (6)

with v−1(t) being the HHDV’s speed.

2.2 Steady states and linearized model

As linear string stability of the mixed system will be
discussed, we first linearize the FVDM model (3) around
an equilibrium speed v∗ and the corresponding equilibrium
gap s∗ = V (s∗). The small deviation of states from the
equilibrium states (v∗, s∗) is defined as

s̃i(t) = si(t)− s∗, (7)

ṽi(t) = vi(t)− v∗, (8)
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for the CAV with i = 0 and FHDVs with i = 1, 2, · · · , n.
The FVDM (3) is then linearized as

˙̃si(t) = ṽi−1(t)− ṽi(t), (9)

˙̃vi(t) = α1s̃i(t)− α2ṽi(t) + α3ṽi−1(t), (10)

where the parameters are

α1 =
∂F

∂s
= α

dV

ds


s=s∗

, (11)

α2 =
∂F

∂ṡ
− ∂F

∂v
= α+ β, (12)

α3 =
∂F

∂ṡ
= β. (13)

To make the model physically practical, the coefficients
should satisfy α1 > 0, α2 > 0, and α3 > 0, which means
the vehicle will accelerate when: 1) its gap increases; 2) its
speed decreases; or 3) the leader accelerates. Such a driving
strategy is consistent with most human driving behaviors.

Considering the mixed CAV-HDV platoon, we define the
state variable for the platoon as

x = [s̃0, ṽ0, s̃1, ṽ1, · · · , s̃n, ṽn]T ∈ R2n+2, (14)

and the dynamics of the platoon are

ẋ(t) = Ax(t) +Bu(t) +Dṽ−1(t), (15)

where the system matrix is

A =




P0

P2 P1

. . .
. . .
P2 P1


 ∈ R(2n+2)×(2n+2), (16)

with

P0 =


0 −1
0 0


, P1 =


0 −1
α1 −α2


, P2 =


0 1
0 α3


, (17)

and the input vector is

B = [0, 1, 0, 0, · · · , 0]T ∈ R2n+2, (18)

and the speed variation of the HHDV ṽ−1 is regarded as
the input disturbance with

D = [1, 0, 0, 0, · · · , 0]T ∈ R2n+2. (19)

3. SAFETY-CRITICAL TRAFFIC CONTROL VIA
CBF-QP

In this section, we first give a nominal controller that
achieves string stability but without safety guarantee for
the mixed platoon. Then we introduce the safe driving
policy for the CAV and HDVs, based on which we design
a CBF-QP to achieve safety-critical stabilization.

3.1 State-feedback nominal controller for string stability

String stability refers to the property that a perturbation
of the leader vehicle’s state will be dampened out by the
follower vehicles. For a platoon, the head-to-tail string
stability is more widely adopted, with the definition as
follows.

Definition 1. (Head-to-tail string stability). (Jin and Orosz,
2014) For a platoon, it is head-to-tail string stable if and
only if

∀ω > 0, |Γ(jω)|2 < 1, (20)

where j2 = −1, and the head-to-tail transfer function Γ is
defined as

Γ(s) =
Ṽt(s)

Ṽh(s)
, (21)

with Ṽt and Ṽh being the Laplace transform of the tail and
head vehicle’s speed deviation ṽt and ṽh respectively.

To achieve head-to-tail string stability of the platoon, a
state-feedback controller for the CAV is proposed in (Wang
et al., 2022a) as:

u0 = α1s̃0 − α2ṽ0 + α3ṽ−1 +

n
i=1

(µis̃i + kiṽi), (22)

where µi is the feedback gain for FHDV i’s gap, and ki
is the feedback gain for FHDV i’s speed. The transfer
function Γ(s) given the controller (22) can be referred
to (Wang et al., 2022a).

With proper choice of feedback gains µi, ki, the controller
(22) achieves string stability, i.e., perturbation from the
HHDV will not cause severe stop-and-go acceleration and
deceleration of the FHDVs in the closed-loop system.
However, the controller (22) does not consider traffic
safety, which in the following content, we refer to (22) as a
nominal controller and redesign it to achieve safety-critical
traffic control. It should be noted that the STC design and
the safety framework can be generalized to other choices
of nominal controllers.

3.2 Safety-critical traffic control via CBF

In this subsection, we combine the pre-designed nominal
controller (22) and CBF to achieve safe driving. We first
give the safe driving policy for CAV and HHDVs, then
we introduce CBF candidates and design a CBF-QP for
safety-critical control.

Safe driving constraints To avoid possible collisions with
the leading vehicle, a vehicle should keep a safe gap in
driving. We define the safe driving policy for the vehicle i
as

si ≥ τvi, (23)

where τ > 0 is a safe time headway. For the CAV with
i = 0, the policy (23) requires that it should keep a safe
gap with the HHDV to avoid an accident in case of sudden
deceleration of HHDV, which might happen due to a risky
cut-in lane-changing vehicle. For the FHDV i = 1, · · · , n,
it should keep a safe safe gap with its leader in case of
some sudden acceleration caused by fatigue or aggressive
driving of the follower driver.

Based on the safe driving policy (23), we define the safe
set for vehicle i as

Ci = {x|s̃i + s∗ ≥ τ (ṽi + v∗)}. (24)

For the vehicle i, if its initial state is in the safe set, i.e,
si(0) ≥ τvi(0), and it stays in the safe set with x(t) ∈ Ci
∀t > 0, then we call the safe set Ci to be forward invariant.

A safety-critical controller should make the safe set for-
ward invariant to avoid accidents. To design such a con-
troller, we adopt the control barrier function, since its
property of generating forward invariant safe set (Ames
et al., 2019).
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traffic control. It should be noted that the STC design and
the safety framework can be generalized to other choices
of nominal controllers.

3.2 Safety-critical traffic control via CBF

In this subsection, we combine the pre-designed nominal
controller (22) and CBF to achieve safe driving. We first
give the safe driving policy for CAV and HHDVs, then
we introduce CBF candidates and design a CBF-QP for
safety-critical control.

Safe driving constraints To avoid possible collisions with
the leading vehicle, a vehicle should keep a safe gap in
driving. We define the safe driving policy for the vehicle i
as

si ≥ τvi, (23)

where τ > 0 is a safe time headway. For the CAV with
i = 0, the policy (23) requires that it should keep a safe
gap with the HHDV to avoid an accident in case of sudden
deceleration of HHDV, which might happen due to a risky
cut-in lane-changing vehicle. For the FHDV i = 1, · · · , n,
it should keep a safe safe gap with its leader in case of
some sudden acceleration caused by fatigue or aggressive
driving of the follower driver.

Based on the safe driving policy (23), we define the safe
set for vehicle i as

Ci = {x|s̃i + s∗ ≥ τ (ṽi + v∗)}. (24)

For the vehicle i, if its initial state is in the safe set, i.e,
si(0) ≥ τvi(0), and it stays in the safe set with x(t) ∈ Ci
∀t > 0, then we call the safe set Ci to be forward invariant.

A safety-critical controller should make the safe set for-
ward invariant to avoid accidents. To design such a con-
troller, we adopt the control barrier function, since its
property of generating forward invariant safe set (Ames
et al., 2019).

Definition 2. (Control barrier function). (Ames et al.,
2019) For an affine control system

ẋ = f(x) + g(x)u, (25)

with x ∈ Rn1 , u ∈ Rn2 , a continuously differentiable
function h : Rn1 → R is a control barrier function for the
system if there exists an extended K∞ function γ : R → R
such that

∀x ∈ R, supu[Lfh(x) + Lgh(x)u] ≥ −γ(h(x)), (26)

where Lfh = ∇h(x) · f(x) and Lgh = ∇h(x) · g(x) are the
Lie derivatives.

For a continusoutly differentiable function h : Rn1 → R,
we define its safe set C ⊂ Rn1 as the 0-superlevel set of h:

C = {x ∈ Rn1 |h(x) ≥ 0}. (27)

We have the following theorem stating the property of
CBF that it renders forward invariant safe set C:
Theorem 1. (Ames et al., 2019) If h(x) is a control barrier
function for the system (25), then any Lipschitz controller
u(x) that satisfies

Lfh(x) + Lgh(x)u ≥ −γ(h(x)), (28)

renders the safe set C defined in (27) forward invariant.

Comparing (25) and the mixed-autonomy traffic model
(14), we can see that f(x) = Ax + Dṽ−1 and g(x) = B.
Based on the safe driving policy (23), we design the CBF
candidate for the CAV as

h0(x) = s0 − τv0 = s̃0 + τ ṽ0 + s∗ − τv∗. (29)

For FHDV i, the CBF candidate directly derived from the
safe driving policy (23) is

hi(x) = si − τvi = s̃i + τ ṽi + s∗ − τv∗. (30)

For hi(x), we can check that its relative degree to the
CAV control input is i + 1. Although we can introduce
high relative order CBF, a CBF candidate with a relative
degree higher than one will complicate the system output
solution and make it sensitive to parameters (Ames et al.,
2019). Therefore, we further introduce the reduced-degree
CBF candidate for FHDVs as

hr
i(x) = hi(x)− h0(x) = si − s0 − τ(vi − v0)

= s̃i − s̃0 − τ (ṽi − ṽ0) . (31)

It is easy to check that the above reduced-degree candi-
dates hr

i(x) in (31) have a relative degree one. We also note
that when h0(x) ≥ 0 and hr

i(x) ≥ 0, the original hi(x) is
also non-negative, which means the safe driving constraint
for FHDVs is satisfied.

Combing the nominal controller u0 in (22) and the CBF
candidates in (29), (31), we introduce the following CBF-
QP problem,

argmin
u∈R

|u− u0|2 (32)

s.t. Lfh0(x) + Lgh0(x)u+ γ(h0(x)) ≥ 0, (33)

Lfh
r
i(x) + Lgh

r
i(x)u+ γ(hr

i(x)) ≥ 0,

∀i = 1, 2, · · · , n, (34)

amin ≤ u ≤ amax, (35)

The safety constraint for CAV in (33) guarantees that
CAV will keep a safe gap with HHDV, and the safety
constraint for FHDVs is in (34). The constraint (35)
restricts the acceleration of CAV between the minimum
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Fig. 2. Safety region of the nominal controller and the
proposed STC controller.

acceleration amin and maximum acceleration amax to avoid
uncomfortable or physically unrealistic acceleration.

From the formulated QP problem (32), we can see that
when the nominal controller u0 (22) that is designed to
stabilize traffic gives safe acceleration, we will use it to
control the CAV. But when the nominal controller renders
an unsafe driving strategy, the CBF is activated, and the
proposed STC will guarantee the safe policy is met.

4. SIMULATION

In this section, we run numerical simulations to test the
proposed STC controller. We first give the simulation
setting, and then we compare the performance of the
nominal controller and the STC controller. We also provide
an analysis of the control output of the proposed STC
controller and how it improves safety over the nominal
controller.

4.1 Experiment Setting

In the simulation, we consider the platoon of one CAV
and n = 2 FHDVs. For the microscopic model FVDM
(3), we set α = 0.6, β = 0.9. For the desired gap-
velocity relationship V (s) in (4), we set the threshold
for stop as sst = 5 m, the threshold for free driving as
sgo = 35 m, and the maximum speed as vmax = 40 m/s.
We assume that initially at t = 0, the platoon drivers at
the equilibrium speed v∗ = 20 m/s, and each vehicle keeps
a each equilibrium gap s∗ = 20 m.

We consider one risky scenario that may happen in prac-
tice: the sudden deceleration of HHDV. When there is a
dangerous cutting-in lane-changing or a jaywalking pedes-
trian, the HHDV’s driver will take an emergency brake
to avoid a crash. We suppose that the HHDV starts to
decelerate at 5 s with a deceleration of dH , and the braking
of the HHDV lasts for a duration of tH . After 5+tH , we let
the HHDV accelerates with an acceleration of −dH and a
duration of tH , which means the HHDV will recover to the
equilibrium speed v∗ after 5+ 2tH . The CAV is controlled
by the nominal controller (22) or the STC controller (32).
The two FHDVs adjust their acceleration based on the
microscopic model in (3).

For the nominal controller in (22), we set the feedback
gains as µ1 = −2, k1 = 0.2, µ2 = −2, and k2 = 0.2. For
the extended K∞ function in (33) and (34), we take it as
γ(x) = 10x. We take the safe headway in (23) as τ = 0.4
s. We set the minimum and maximum acceleration in (35)
as amin = −7 m/s2 and amax = 7 m/s2 respectively.
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Fig. 3. Profile of gap, speed, and acceleration under the
nominal controller and STC controller.

4.2 Comparison with nominal controller

We first compare the safety region for the nominal con-
troller and the proposed STC controller. We vary the
deceleration of the HHDV dH from 3 m/s2 to 7 m/s2, and
give the safe range of duration of deceleration tH under
which there is no rear-end collision in the platoon. The
result is given in Fig. 2. The blue-shaded region is the
safety region of the nominal controller, and the red-shaded
area is the expanded safety region brought by the proposed
STC controller. We see that the proposed STC controller
has a larger safety region than the nominal controller,
which demonstrates the improvement in safety brought by
the designed STC controller.

To further analyze the performance of the proposed STC
controller, we plot and compare the profile of gap si, speed
vi, and acceleration ai generated under the two controllers
in Fig.3 with dH = 5 m/s2 and tH = 3 s. From Fig.3(e) and
(f), it can be seen that after 5 s when the HHDV begins to
decelerate, the STC controller yield a larger deceleration of
CAV, which also makes the FHDVs brakes more sharply.
Such a larger deceleration brings the lower speed of the
CAV and FHDVs, as shown in Fig.3(c) and (d), which
increases the gap between CAV and the HHDV and avoids
collision as in Fig.3(a) and (b).

4.3 Validation on the NGSIM dataset

In this section, we validate the proposed STC controller
on the NGSIM dataset.
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Fig. 4. Profile of gap, speed, and acceleration under the
nominal controller and STC controller on the NGSIM
dataset.

The NGSIM dataset records trajectory data of vehicles at
Emeryville, California with a resolution of 0.1 s. We use
the trajectory reconstructed by (Montanino and Punzo,
2015), which has removed some measurement errors or
physically unreasonable driving behavior. We calibrate the
model parameters for the FVDM (3) as α = 0.16, β = 0.63,
sst = 1.6 m, sgo = 50 m, and vmax = 46.9 m/s by
trajectories in the dataset.

We identify Vehicle-2169 from the dataset, which has an
emergency brake as shown by the purple line in Fig. 4(e).
We take its speed and acceleration profiles as those for
the HHDV to test whether there will be collisions in
the mixed autonomy. For the equilibrium states, we take
the equilibrium speed v∗ as the initial speed of Vehicle-
2169 in the dataset and get the equilibrium speed s∗

by F (s∗, 0, v∗) = 0. We set the initial speed of CAV
and two FHDVs as v∗ and their initial gap as s∗, i.e.,
v0(0) = v1(0) = v2(0) = v∗, s0(0) = s1(0) = s2(0) = s∗.
For the nominal controller (22), we take the feedback gain
as µ1 = µ2 = −2 and k1 = k2 = 0.2 , which satisfies the
string stability condition (20). For the STC, we take the
safe time headway (23) as τ = 1 s and the extended K∞
function as r(x) = 10x.

In Fig. 4, we plot the gap s, speed v, and acceleration
a of the platoon got by the nominal controller and the
STC controller. We see that the nominal controller causes
a collision, but the STC controller ensures the safety of
the mixed autonomy platoon.
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Fig. 3. Profile of gap, speed, and acceleration under the
nominal controller and STC controller.

4.2 Comparison with nominal controller

We first compare the safety region for the nominal con-
troller and the proposed STC controller. We vary the
deceleration of the HHDV dH from 3 m/s2 to 7 m/s2, and
give the safe range of duration of deceleration tH under
which there is no rear-end collision in the platoon. The
result is given in Fig. 2. The blue-shaded region is the
safety region of the nominal controller, and the red-shaded
area is the expanded safety region brought by the proposed
STC controller. We see that the proposed STC controller
has a larger safety region than the nominal controller,
which demonstrates the improvement in safety brought by
the designed STC controller.

To further analyze the performance of the proposed STC
controller, we plot and compare the profile of gap si, speed
vi, and acceleration ai generated under the two controllers
in Fig.3 with dH = 5 m/s2 and tH = 3 s. From Fig.3(e) and
(f), it can be seen that after 5 s when the HHDV begins to
decelerate, the STC controller yield a larger deceleration of
CAV, which also makes the FHDVs brakes more sharply.
Such a larger deceleration brings the lower speed of the
CAV and FHDVs, as shown in Fig.3(c) and (d), which
increases the gap between CAV and the HHDV and avoids
collision as in Fig.3(a) and (b).

4.3 Validation on the NGSIM dataset

In this section, we validate the proposed STC controller
on the NGSIM dataset.
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Fig. 4. Profile of gap, speed, and acceleration under the
nominal controller and STC controller on the NGSIM
dataset.

The NGSIM dataset records trajectory data of vehicles at
Emeryville, California with a resolution of 0.1 s. We use
the trajectory reconstructed by (Montanino and Punzo,
2015), which has removed some measurement errors or
physically unreasonable driving behavior. We calibrate the
model parameters for the FVDM (3) as α = 0.16, β = 0.63,
sst = 1.6 m, sgo = 50 m, and vmax = 46.9 m/s by
trajectories in the dataset.

We identify Vehicle-2169 from the dataset, which has an
emergency brake as shown by the purple line in Fig. 4(e).
We take its speed and acceleration profiles as those for
the HHDV to test whether there will be collisions in
the mixed autonomy. For the equilibrium states, we take
the equilibrium speed v∗ as the initial speed of Vehicle-
2169 in the dataset and get the equilibrium speed s∗

by F (s∗, 0, v∗) = 0. We set the initial speed of CAV
and two FHDVs as v∗ and their initial gap as s∗, i.e.,
v0(0) = v1(0) = v2(0) = v∗, s0(0) = s1(0) = s2(0) = s∗.
For the nominal controller (22), we take the feedback gain
as µ1 = µ2 = −2 and k1 = k2 = 0.2 , which satisfies the
string stability condition (20). For the STC, we take the
safe time headway (23) as τ = 1 s and the extended K∞
function as r(x) = 10x.

In Fig. 4, we plot the gap s, speed v, and acceleration
a of the platoon got by the nominal controller and the
STC controller. We see that the nominal controller causes
a collision, but the STC controller ensures the safety of
the mixed autonomy platoon.

5. CONCLUSION

In this paper, we studied the safety-critical control of
mixed traffic by a leading CAV. We proposed a safe driving
policy for CAV and HDVs and accordingly designed CBF
candidates for both types of vehicles. An STC controller
has been proposed, which combines a pre-designed nomi-
nal controller with string stability and CBF constraints via
QP to simultaneously guarantee the safety and stability
of mixed traffic. We analyzed the safety region of the
STC controller and demonstrated that safety is enhanced
by relaxing stability conditions for smoothing the mixed
traffic. The safety improvement was further validated on
the NGSIM dataset. Future work of interest lies in develop-
ing safe-critical coordination control of multiple CAVs for
mixed traffic, as well as exploring alternative safe driving
policies.
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