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Abstract—Modeling and congestion mitigation of mixed-
autonomy traffic systems consisting of human-driven vehicles
(HVs) and autonomous vehicles (AVs) have become increasingly
critical with the rapid development of autonomous driving
technology. This paper develops an event-triggered control (ETC)
framework for mitigating congestion in such systems, which are
modeled using an extended Aw-Rascle-Zhang (ARZ) formula-
tion consisting of coupled 4 × 4 hyperbolic partial differential
equations (PDEs). Ramp metering is employed as the boundary
actuation mechanism. To reduce computational and communi-
cation burdens while avoiding excessive ramp signal changes,
we design the ETC strategy based on the backstepping method,
together with an observer-based ETC formulation for practi-
cal implementation under limited sensing. Rigorous Lyapunov
analysis ensures exponential convergence and avoidance of Zeno
behavior. Extensive simulations validate the proposed approach
under diverse traffic scenarios, including varying AV penetration
rates, different spacing policies, multiple demand levels, and non-
recurrent congestion patterns. Results show that ETC not only
stabilizes mixed traffic flows but also significantly reduces control
updates, improving driver comfort, and roadway safety. Higher
AV penetration rates lead to longer release time and fewer trig-
gering events, indicating the positive impact of AVs in mitigating
traffic congestion while reducing computational resource usage.
Compared to continuous backstepping controllers, the proposed
ETC achieves near-equivalent stabilization performance with
far fewer controller updates, resulting in longer signal release
time that reduces driver distraction, which demonstrates great
potential for ETC applications in traffic management.

Index Terms—Intelligent transportation systems (ITS), partial
differential equations (PDEs), traffic control, backstepping, event-
triggered control (ETC).

I. INTRODUCTION

FREEWAY traffic congestion causes increased total travel
time, risk of accidents, and fuel consumption [1]. Various

control strategies have been proposed to mitigate freeway
traffic congestion, e.g., feedback control [2], [3], [4], optimal
control [5], [6], [7], backstepping control [8], and learning-
based control [9]. In this paper, we mainly focus on the
macroscopic freeway traffic and the design of infrastructure-
based control strategies for ramp metering or varying speed
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limits. As autonomous driving technology advances rapidly,
the increasing prevalence of autonomous vehicles (AVs) has
created mixed-autonomy traffic systems where human-driven
vehicles (HVs) and AVs share roadways. The dynamic interac-
tions between these two vehicle types often cause traffic flow
instabilities, while the development of controller design for
such heterogeneous traffic environments remains a significant
challenge in transportation research.

A. Mixed-Autonomy Traffic Modeling and Control

Freeway traffic dynamics are described by partial differential
equations (PDEs) using aggregated traffic states, e.g., Aw-
Rascle-Zhang (ARZ) model [10], [11]. The mixed-autonomy
traffic can be modeled as a type of multi-class traffic where
AVs and HVs adopt different spacing policies. Both First-order
and second-order multi-class traffic flow models capture the
behaviors of different vehicle types, where slower vehicles
act as moving bottlenecks for faster ones, influencing their
speeds and interactions even in congested regimes [12]. In
addition, Area Occupancy (AO) which distinguishes the het-
erogeneous traffic participants for the multi-class traffic model
was proposed in [13]. The area occupancy is defined as the
vehicle length times vehicle width to measure how much area
each type of vehicles occupied on the road. In this paper, we
adopt the same concept from the multi-class traffic model [14],
[15] and further consider different driving behaviors of HVs
and AVs to introduce the mixed-autonomy traffic PDE model.
Mixed-autonomy characteristics can also be captured using
fundamental diagrams, such as Greenshields’ relation between
density and speed, with studies suggesting AVs may increase
capacity via reduced spacing [16] but others arguing AVs
could require larger spacing due to safety and technological
limitations, vehicle manufactures have not yet adopted to
deploy short driving spacing in commercial vehicles due to
the safety concerns in the industry practice. They may yield a
larger driving spacing than an average theoretical calculations
[17].

Various control methods have been applied for the suppres-
sion of traffic congestion on freeways by changing control
signals of traffic lights on ramps and variable speed limits.
Feedback controller can be applied for both continuous models
[3], [18] and discretized models [2]. In addition, optimal con-
trol strategies address distinct objectives: minimizing delays
[5] or reducing outflow errors [7]. Among these control
methods, backstepping control is a widely-adopted design
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method for PDE control. It does not require numerical dis-
cretization in design and achieves the finite-time convergence
and stability guarantees [19]. The PDE backstepping was
firstly adopted [8] and systematically applied to traffic flow
models by [20].Our previous work analyzed the stability of
the mixed-autonomy traffic under stochastic effect using back-
stepping [14] and developed backstepping controller to achieve
mean-square exponential stability. However, the computational
burden caused by calculating backstepping control signals that
are continuous in time can be high. It also raises practical
issues for implementation, since controlled vehicles are forced
to continuously change their speed by obeying the traffic lights
or speed limits.Therefore, developing efficient control methods
for traffic system is essential, not only improving the efficiency
of the traffic system but also reducing the cost for the practical
implementation.

B. Event-Triggered Control

Event-triggered control (ETC) is a control design strategy
aimed at improving system efficiency by updating the control
input only when certain triggering conditions are satisfied. It
requires the definition of a triggering mechanism to determine
the instants at which the controller must be updated. The
triggering condition can be either static or dynamic [21], [22],
[23]. The first ETC design for 2 × 2 hyperbolic PDEs was
proposed in [24], and later extended to observer-based output-
feedback control in [25]. Typically, a continuous-time control
law is first designed to stabilize the system; the event-triggered
control input—guaranteeing the stability properties—is then
derived based on the triggering condition. While the works
in [24] and [25] established foundational ETC and observer-
based ETC frameworks for 2 × 2 hyperbolic PDEs, including
rigorous proofs of exponential stability, they focus primarily
on theoretical developments and do not address traffic-specific
applications or the robustness of ETC under varying traffic
conditions. In the context of traffic systems, Espitia et al.
[26] developed an output-feedback ETC for cascaded freeway
segments using variable speed limits. The system was modeled
as a 4 × 4 hyperbolic PDE system, and exponential conver-
gence of the closed-loop system under the proposed ETC was
proven. To further reduce the number of control updates, a
performance-barrier-based ETC was recently proposed in [27],
achieving longer dwell times and enhancing driver safety.

However, existing continuous-flow PDE models have not yet
considered mixed-autonomy traffic scenarios, focusing instead
on homogeneous (pure HVs) traffic. ETC has also been applied
to discretized traffic models, often in combination with other
control strategies such as model predictive control (MPC) or
local feedback controllers [28], [29]. While these approaches
can effectively minimize performance metrics such as queue
length and total travel time, they generally lack rigorous
stability guarantees for the traffic system.

Furthermore, in all ETC designs, the Zeno phenomenon
must be explicitly ruled out. The Zeno phenomenon refers
to the occurrence of infinitely many triggering events within a
finite time interval, which can lead to excessive computational
load and potentially destabilize the control system. In practical
traffic applications, Zeno behavior would severely hinder the

implementability of the control input due to unrealistic com-
munication and actuation demands. In this paper, we develop
an ETC framework for mixed-autonomy traffic systems that
provides theoretical stability guarantees while also demonstrat-
ing practical applicability in realistic traffic scenarios.

C. Contribution

Previous efforts to mitigate traffic congestion have primarily
focused on homogeneous traffic consisting solely of HVs.
Although observer-based ETC designs have been proposed
for cascaded traffic systems [26], results on ETC for mixed-
autonomy traffic modeled by PDEs remain limited.

Building upon our preliminary theoretical work [14], [30]
and the event-triggered control design for 2 × 2 hyperbolic
PDEs [24], we first establish the congestion analysis for
the mixed-autonomy traffic system using the extended ARZ
model, and identify the free and congested regimes under
different equilibrium density settings. From an application
perspective, we further develop and analyze event-triggered
control strategies under various traffic conditions—including
different demand levels and AV penetration rates—and evalu-
ate their impact on overall traffic performance. Moreover, we
demonstrate that the proposed ETC framework significantly
reduces the computational burden on traffic management sys-
tems, while simultaneously improving traffic efficiency and
safety. This enables scalable deployment in large-scale trans-
portation networks.

The structure of the paper is as follows: Section II develops
the mixed-autonomy traffic PDE model and analyzes the
free/congestion conditions for the model. Section III gives the
continuous stabilizing controller for the traffic system using
the backstepping method. Section IV details the design of
the event-triggered controller and gives the theoretical analysis
for the system to avoid the Zeno phenomenon and finite time
convergence. Section V conducts extensive experiments to test
the proposed ETC under different traffic conditions. Finally,
Section VI concludes the paper.

II. MIXED-AUTONOMY TRAFFIC PDE MODEL

In this section, we introduce the mixed-autonomy traffic
flow model that explicitly accounts for the distinct driving
behaviors of HVs and AVs [30],

∂tρh + ∂x (ρhvh) = 0, (1)

∂t
�
vh − Ve,h

�
+ vh∂x

�
vh − Ve,h(AO)

�
=

Ve,h(AO) − vh

τh
, (2)

∂tρa + ∂x (ρava) = 0, (3)

∂t
�
va − Ve,a(AO)

�
+ va∂x

�
va − Ve,a

�
=

Ve,a(AO) − va

τa
, (4)

where ρh(x, t), ρa(x, t), vh(x, t), and va(x, t) denote traffic densi-
ties and speeds of HVs and AVs. With the following boundary
conditions:

ρh(0, t) = ρ?h , (5)
ρa(0, t) = ρ?a , (6)

ρh(0, t)vh(0, t) + ρa(0, t)va(0, t) = ρ?h v?h + ρ?a v?a , (7)
ρh(L, t)vh(L, t) + ρa(L, t)va(L, t) = q?h + q?a + U(t), (8)
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Fig. 1. The mixed-autonomy traffic system with different spacing policy. sh
denotes the spacing of HVs, sa represents the spacing of AVs. The impact
area is calculated by Eq. (10) and (11).

Fig. 2. The fundamental diagram of HVs and AVs using area occupancy(AO).

where the traffic states are defined in the spatial and time
domain (x, t) ∈ [0, L]× R+, ρ?h , ρ?a denote equilibrium densi-
ties, while v?h , v?a are the equilibrium speeds. The equilibrium
flow is calculated by q?h = ρ?h×v?h , q?a = ρ?a ×v?a . The τh and τa
are the reaction times for HVs and AVs, describing how long
the drivers can adapt to the desired speed. The Ve,h(AO) and
Ve,a(AO) denote the fundamental diagram for HVs and AVs,
describing the density-speed relation of the traffic system. We
adopt another measurement, AO, to describe the mixed density
for the mixed-autonomy traffic system.

The first two equations describe the density and speed evolu-
tion of HVs on the road section, while the other two equations
denote the evolution of AVs. For the boundary conditions for
HVs and AVs, we assume the inlet density at its equilibrium
density for both HVs and AVs. In addition, the upstream flow
and the downstream flow also stay at the equilibrium flow
q?h +q?a . The boundary conditions are assumed for an averaged
short time period of the road, therefore, the penetration rate
of HVs and AVs remains the same and the traffic conditions
do not significantly change during the short time period.
The control input U(t) is the flow perturbation around the
equilibrium flow and is implemented by the ramp metering,
which needs to be designed to stabilize the mixed-autonomy
traffic system. The schematic diagram for the mixed-autonomy
traffic system is shown in Fig. 1.

A. Different Spacing Policies and Fundamental Diagram

We use AO to describe the interaction between different
types of vehicles on the road [13], [15], [30]. We adopt
this concept containing microscopic traffic parameters(vehicle
width and spacing) to distinguish driver behaviors of different
types of vehicles in the mixed-autonomy traffic system. Then
the area occupancy is incorporated in the fundamental diagram
Ve,h(AO), Ve,a(AO) of the macroscopic traffic model to describe

Fig. 3. The fundamental diagram of HVs and AVs using original densities.

the interaction of AVs and HVs. The definition of AO is given
by:

AO(ρh, ρa) =
ahρh + aaρa

W
, (9)

where W denotes the road width. ah and aa are impact areas,
defined as:

ah = d × sh, (10)
aa = d × sa. (11)

d denotes the vehicle width. In this paper, the vehicle width
is assumed to be the same. sh, sa are the spacing policy of
HVs and AVs. Compared with HVs, AVs tend to have a
larger spacing due to the safety issue caused by the current
state of autonomous driving level [17]. When AVs maintain
larger following gaps, the resultant spacing creates a large
impact area that enables HVs to interleave with AVs through
“creeping behavior” during traffic congestion. To characterize
the equilibrium relationship between traffic speed and density,
the fundamental diagram based on roadway occupancy metrics
is expressed as:

vh = Ve,h(ρh, ρa) = Vh

�
1 −

�
AO
AOh

�γh
�
, (12)

va = Ve,a(ρh, ρa) = Va

�
1 −

�
AO
AOa

�γa
�
, (13)

where Vh, Va are the free-flow speeds of HVs and AVs,
AOh, AOa are the maximum area occupancy for each type
of vehicles, γh, γa denote the traffic pressure exponent. It is
often noted that commercial AVs typically maintain a greater
following distance compared to HVs. This is primarily due
to safety considerations, as AVs require an adequate buffer to
respond effectively in potentially hazardous situations, i.e., a
sudden stop by the vehicle ahead [17]. Using the parameter
setting in the experiment part, we get the fundamental diagram
shown in Fig. 2.As in (9), the AO consists of the density of
AVs and HVs. When we apply the original density to the
fundamental diagram, we get the results shown in Fig. 3. The
fundamental diagram of HVs and AVs describes the relation
between the speed and the density of HVs and AVs. This also
coincides with the fact that AO could reflect the interaction of
the two types of vehicles.

Remark 1: In our setting, we mainly focus on the general
one-lane traffic, also called the lane-free traffic. There are no
dished lines to divide the road into parallel lanes and faster
vehicles can overtake slower ones. vehicles are not bound to
fixed traffic lanes as in conventional traffic, they may derive
anywhere on the 2-D surface of the road, respecting the
road boundaries. Therefore, the lane-free traffic would have
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larger lateral area occupancy, as well as the maximum area
occupancy AOh, AOa. The fundamental diagram of AVs and
HVs would change and the traffic capacity would increase in
the lane-free traffic scenario [31].

B. Free/Congested Traffic Analysis

The model we developed are 4 × 4 nonlinear PDEs.
We will analyze the free and congested traffic and then
design boundary controller by first taking linearization of the
model at its equilibrium point ρ?h , ρ?a , v?h , v?a . We define
small deviations between the traffic states and equilibrium
states ρ̃h(x, t) = ρh(x, t) − ρ?h , ṽh(x, t) = vh(x, t) − v?h ,
ρ̃a(x, t) = ρa(x, t) − ρ?a , ṽa(x, t) = va(x, t) − v?a . The system
can be rewritten using an augmented expression z(x, t) =�
ρ̃h(x, t) ṽh(x, t) ρ̃a(x, t) ṽa(x, t)

�T . Defining the matrix V =

{νi j}1≤i, j≤4 such that the coefficient matrix can be diagonalized
as V−1JλV = Diag{λ1, λ2, λ3, λ4}, with positive eigenvalues in
ascending order. We also define the source term matrix as
Ĵ = V−1JV = {Ĵi j}1≤i, j≤4. The change of coordinates is�

w1 w2 w3 w4
�T

= Tz. (14)

where T is the same transformation matrix in our previous
results [14]. Using the transformation T, thus we get the
following boundary control model:

w+
t (x, t) + Λ+w+

x (x, t) = Σ++(x)w+(x, t)

+ Σ+−(x)w−(x, t), (15)

w−t (x, t) − Λ−w−x (x, t) = Σ−+(x)w+(x, t), (16)

w+(0, t) = Qw−(0, t), (17)

w−(L, t) = Rw+(L, t) + Ū(t), (18)

where w+ = [w1,w2,w3]T , w− = w4. The coefficient matrices
are given as Λ+ = Diag{λ1, λ2, λ3}, Λ− = −λ4. Σ++(x),
Σ+−(x), Σ−+(x), Q, and R are corresponding coefficients which

are detailed in [14] and [15]. Also, Ū(t) = e−
Ĵ44
λ4

L 1
κ4

U(t),
κ j = v?h ν1 j + ρ?h ν2 j + v?a ν3 j + ρ?a ν4 j, j = 1, 2, 3, 4. It was shown
that the eigenvalues satisfying the following condition [32]

λ4 ≤ min{λ1, λ3} ≤ λ2 ≤ max{λ1, λ3}. (19)

Traffic flow regimes can be differentiated into free-flow and
congested states through analysis of traffic wave propagation
direction.
• Free-flow region: λ1 > 0, λ2 > 0, λ3 > 0, λ4 > 0. Traffic

oscillations transport downstream at corresponding speed
λ1, λ2, λ3, λ4. Vehicles run at their maximum speeds.

• Congested region: λ1 > 0, λ2 > 0, λ3 > 0, λ4 < 0. Traffic
information propagates from downstream to upstream
triggers efficiency degradation in transportation systems.

In this paper, we focus on the congested region for the
mixed-autonomy traffic system, which can be determined by
the value of the characteristic speed λ4. When λ4 < 0 →
negative wave speed, the traffic system lies in the congested
region.

The value of λ4 is related to the equilibrium density of
AVs and HVs. We give the free/congested region related to
the different equilibrium densities, as shown in Fig. 4. In this

Fig. 4. The free and congestion region determined by λ4. λ4 < 0 denotes
the congested region while the other denotes the free region of the mixed-
autonomy traffic system.

paper, we mainly focus on the congested region of the mixed-
traffic system. It also guides us in the selection of the system
parameters in the experiment part.

III. BOUNDARY CONTROLLER DESIGN

In this section, we propose the boundary controller using
the backstepping method. The backstepping controller could
stabilize the traffic system in finite time such that all traffic
states converge to their equilibrium points. The event-trigger
strategies will be developed based on the backstepping design.

A. Backstepping Transformation

Define the backstepping transformation that transforms the
original system (15)-(18) into the target system:

Kw =

�
w+

w− −
R x

0 K(x, ξ)w+(ξ, t) + M(x, ξ)w−(ξ, t)dξ

�
, (20)

where w = [w+,w−] and the backstepping control kernels
K(x, ξ) ∈ R3, M(x, ξ) ∈ R1 are:

K(x, ξ) =
�

k1(x, ξ) k2(x, ξ) k3(x, ξ)
�

(21)

The backstepping kernels are defined on the triangular domain
T = {0 ≤ ξ ≤ x ≤ L}. We get the target system through the
backstepping transformation:

αt(x, t) + Λ+αx(x, t) = Σ++(x)α(x, t) + Σ+−(x)β(x, t)

+

Z x

0
C+(x, ξ)α(ξ, t)dξ

+

Z x

0
C−(x, ξ)β(ξ, t)dξ, (22)

βt (x, t) − Λ−βx(x, t) = 0, (23)
α(0, t) = Qβ(0, t), (24)
β(L, t) = 0, (25)

where α = [α1, α2, α3]T The coefficients C+(x, ξ) ∈ R3×3 and
C−(x, ξ) ∈ R3×1 are also defined on T . The kernel equations
and their well-posedness, as well as the well-posedness of the
target system, are provided in [30] and [33].

B. Inverse Transformation

The transformation (20) establishes a one-to-one correspon-
dence between the target and original systems, preserving
their structural equivalence. Conversely, applying an inverse
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transformation mathematically maps the target system back to
the original system, defined as:

Lϑ =

�
α

β −
R x

0 (L(x, ξ)α(ξ, t) + N(x, ξ)β(ξ, t))dξ

�
, (26)

where α = [α1, α2, α3]T are the states of the target system,
ϑ = [α, β]T and L(x, ξ) ∈ R3, N(x, ξ) ∈ R1 are defined as

L(x, ξ) =
�
`1(x, ξ) `2(x, ξ) `3(x, ξ)

�
. (27)

They are also defined on T . The states w and ϑ have
equivalent L2 norms, i.e., there exist two constants p1 > 0 and
p2 > 0 such that

p1‖w‖2L2 ≤ ‖ϑ‖
2
L2 ≤ p2‖w‖2L2 , (28)

where ϑ = (α1, α2, α3, β).
The continuous-time control input Ū(t) is constructed

through real-time state feedback from the target system’s
states:

Ū(t)=

Z L

0
(L(L, ξ)α(ξ, t)+N(L, ξ)β(ξ, t))dξ − Rw+(L, t). (29)

Based on the backstepping transformation, we have the fol-
lowing theorem:

Theorem 1 [15], [34]: Consider the plant (15)-(18) with
the backstepping control law (29). For given initial conditions
(w+

0 ,w
−
0 ) ∈ L2((0, L),R4), the equilibrium w ≡ 0 is finite-time

stable in the L2 sense and the equilibrium is reached in finite
time t f = L

min {λ1,λ3}
+ L
−λ4

.
The finite-time convergence of the w system to zero implies

that small perturbations in the traffic states also vanish in finite
time. A detailed proof is provided in [15] and [34].

IV. EVENT-TRIGGERED CONTROLLER DESIGN

This section proposes event-triggered control strategies by
identifying the triggering mechanism, i.e., determining the
time intervals for controller updates while guaranteeing expo-
nential stability of the closed-loop system.

We start from event-based sampling of the boundary control
input Ū(t), where controller updates occur at discrete temporal
intervals satisfying a predefined triggering condition. The
boundary condition in (18) is then reformulated to accom-
modate event-triggered updates:

w−(L, t) = Rw+(L, t) + Ūd(t), (30)

where Ūd(t) = Ū(t) + d(t), ∀t ∈ [tk, tk+1), k > 0. Here,
d(t) denotes the real-time discrepancy between the theoretical
control input and its event-triggered implementation. The
sampled-data control law is then formulated as:

Ūd(t) =

Z L

0
(L(L, ξ)α(ξ, tk) + N(L, ξ)β(ξ, tk))dξ

− Rw+(L, tk), (31)

the actuation discrepancy d(t) is then obtained as

d(t) = −R(w+(L, tk) − w+(L, t))

+

Z L

0

�
L(L, ξ)(α(ξ, tk) − α(ξ, t))

+ N(L, ξ)(β(ξ, tk) − β(ξ, t)
�

dξ. (32)

Since α(x, t), β(x, t), w+(L, t) are continuous with respect
to time due to the property of the mixed-autonomy traffic
system, and the integration of backstepping kernels and states
preserves the continuity, then d(t) is C0([tk, tk+1],R) between
two triggering events. Applying the sampled control law Ūd(t)
within the system (15)-(18), induces the perturbed target
system

αt(x, t) + Λ+αx(x, t) = Σ++(x)α(x, t) + Σ+−(x)β(x, t)

+

Z x

0
C+(x, ξ)α(ξ, t)dξ

+

Z x

0
C−(x, ξ)β(ξ, t)dξ, (33)

βt (x, t) − Λ−βx(x, t) = 0, (34)
α(0, t) = Qβ(0, t), (35)
β(L, t) = d(t). (36)

The matrix-valued coefficients C+(x, ξ) ∈ R3×3 and C−(x, ξ) ∈
R3×1 share the same triangular domain T . To design the
triggering mechanism, we establish dynamic criteria based
on the temporal evolution of d(t). Choosing the Lyapunov
functional:

V(t) =

Z L

0

3X
i=1

Ai

λi
e−

µx
λi α2

i (x, t) +
B

Λ−
e

µx
Λ− β2(x, t)dx, (37)

where the constant coefficients A1, A2, A3, B and µ are positive.
The Lyapunov functional is equivalent to the L2 norm of the
target system’s states, therefore, there exist two constants p3 >
0 and p4 > 0 such that

p3‖ϑ‖
2
L2 ≤ V(t) ≤ p4‖ϑ‖

2
L2 . (38)

The well-posedness issue of the closed-loop system is essential
because the system needs to admit a unique solution under
ETC. For the continuous controller Ū(t) in (29), the closed-
loop system (15)-(18) admits a unique solution with a given
condition (w+(·, tk),w−(·, tk))> ∈ L2((0, L),R4) [35]. Using the
method of characteristics and successive approximations in
[33], the backstepping kernels of the backstepping transfor-
mation are also well-posed. For the closed-loop system under
ETC, using the method of characteristics, we can conclude that
there exists a unique solution to (33)-(36) with a piecewise
control input for all t ≥ 0 in the interval [tk, tk+1]. Then the
inverse backstepping transformation (26) leads to the existence
of a unique solution to the system (15)-(18).

A. Dynamic Triggering Condition

This section formulates the event-triggered mechanism
(ETM) using a dynamic triggering condition, which can
be derived by control discrepancy in (32) and an auxiliary
dynamic variable m(t).

Definition 1: Considering the Lyapunov functional candidate
V(t) defined in (37). The event-triggered controller (31) with
a dynamic event-triggered mechanism, operates at execution
time tk ≥ 0 (initialized at t0 = 0) forming a finite sequence
determined by:
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• if {t > tk ∧ ζBe
µL
Λ− d2(t) ≥ ζµσV(t)−m(t)} = ∅, then the set

of the times of the events is { t0, . . . , tk}.
• if {t > tk ∧ ζBe

µL
Λ− d2(t) ≥ ζµσV(t) − m(t)} , ∅,

then the next execution time is determined by: tk+1 =

inf
n
t > tk ∧ Be

µL
Λ− d2(t) ≥ ζµσV(t) − m(t)

o
,

where m(t) satisfies the ordinary differential equation,

ṁ(t) = −ηm(t) + Be
µL
Λ− d2(t) − σµV(t)

−

3X
i=1

ςiα
2
i (L, t) − ς4β

2(0, t), (39)

where ζ > 0, µ > 0, σ > 0, ςi > 0, i ∈ {1, 2, 3, 4}, η > 0 and
m(0) = m0 ∈ R−.

Algorithm 1 The Proposed ETC Algorithm

Combining the event-triggering mechanism and the back-
stepping controller, we get the algorithm procedure of our
proposed method, as shown in Algorithm 1. It gives the general
steps of ETC for the mixed-autonomy traffic system.Using
the dynamic triggering condition in Definition 1, we get an
estimate for the dynamic variable m(t).

Lemma 1: Under the ETM in Definition 1, it holds that
ζBe

µL
Λ− d2(t) − ζµσV(t) + m(t) ≤ 0 with m(t) < 0

Proof: As established in Definition 1, the ETM ensures the
system persistently satisfies the following condition:

ζBe
µL
Λ− d2(t) − ζµσV(t) ≤ −m(t). (40)

We have the result

Be
µL
Λ− d2(t) − µσV(t) ≤ −

1
ζ

m(t). (41)

Using (39), we get

ṁ(t) ≤ −ηm(t) −
1
ζ

m(t) −
3X

i=1

ςiα
2
i (L, t) − ς4β

2(0, t). (42)

Using the comparison principle, thus

m(t) < 0,∀t ≥ 0, (43)

this finishes the proof of Lemma 1. �
By taking the derivative of the control discrepancy d(t), we

get the estimate of the time derivative of d(t). We assume the
control discrepancy d(t) is continuous and it serves as the sign
of an triggered event and is also used for proving the avoidance
of Zeno phenomenon.

Lemma 2: There exists εi > 0, i ∈ {1, 2, 3}, φ1 and φ2 > 0,
and c4 > 0 for the d(t) introduced in (32) with t ∈ (tk, tk+1),
such that

ḋ2(t) ≤
3X

i=1

εiα
2
i (L, t) + φ1d2(t) + φ2V(t) + c4. (44)

Proof: We assume that the system remains well-posed and
does not exhibit blow-up under the proposed controller due to
the regularity of the traffic system. Taking time derivative of
d(t), thus

ḋ(t) = −

Z L

0
L(L, ξ)αt(ξ, t) + N(L, ξ)βt(ξ, t)dξ

+ Rw+
t (L, t). (45)

From the definition of the backstepping transformation (20),
we know that w+(x, t) = α(x, t), then we using the notation

ḋ(t) =: S (t) + Rαt(L, t). (46)

where S (t) =: −
R L

0 (L(L, ξ)αt(ξ, t) + N(L, ξ) βt(ξ, t)) dξ. Using
the dynamics of target system at x = L, we have

αt(L, t) = −Λ+αx(L, t) + G(L, t), (47)

with

G(L, t) =: Σ++(L)α(L, t) + Σ+−(L) d(t)

+

Z L

0

�
C+(L, ξ)α(ξ, t) + C−(L, ξ)β(ξ, t)

�
dξ. (48)

Then we have

Rαt(L, t) = −RΛ+αx(L, t) + R G(L, t). (49)

And we get the upper bound of the square of Rαt(L, t) as

‖Rαt(L, t)‖2 ≤ 2


RΛ+



2
‖αx(L, t)‖2 + 2‖R‖2‖G(L, t)‖2 (50)

Next, we will give the bound of S (t) and G(L, t).
We already know the dynamics of the system (33)-(36) and

then integrating by parts, the expression of S (t) is obtained
as

S (t) = L(L, L)Λ+α(L, t) − N(L, L)Λ−β(L, t)

+
�
N(L, 0)Λ− − L(L, 0)Λ+Q

�
β(0, t)

−

Z L

0
Lξ(L, ξ)Λ+α(ξ, t)dξ

+

Z L

0
Nξ(L, ξ)Λ−β(ξ, t)dξ

−

Z L

0
L(L, ξ)Σ++(ξ)w+(ξ, t)dξ
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−

Z L

0
L(L, ξ)Σ+−(ξ)w−(ξ, t)dξ. (51)

Using Young’s inequality for the square of S (t), and then using
Cauchy-Schwarz inequality, the estimate of the S (t) is obtained
as:

‖S (t)‖2 ≤ 8
3X

i=1

`2
i (L, L)λ2

i α
2
i (L, t) + 8N2(L, L)(Λ−)2d2(t)

+
8
p3

�
c1 +

c2

p1

�
V(t), (52)

where

c1 = max
�Z L

0



Lξ(L, ξ)Λ+


2 dξ,

Z L

0



Nξ(L, ξ)Λ−


2 dξ

�
c2 = max

�Z L

0



L(L, ξ)Σ++(ξ)


2 dξ,

Z L

0



L(L, ξ)Σ+−(ξ)


2 dξ

�
.

Next we will bound the term G(L, t), recalling the definition
of G(L, t) in (48),

G(L, t) = Σ++(L)α(L, t) + Σ+−(L) d(t)

+

Z L

0

�
C+(L, ξ)α(ξ, t) + C−(L, ξ)β(ξ, t)

�
dξ. (53)

Using Young’s inequality and Cauchy-Schwarz inequality
again for square of G(L, t), we obtain

‖G(L, t)‖2 ≤ 4
3X

i=1

j2i α
2
i (L, t) + 4(RΣ+−(L))2ḋ2(t)

+
4c3

p3
V(t), (54)

where c3 = max
nR L

0



C+(L, ξ)


2 dξ,

R L
0 ‖C

−(L, ξ)‖2 dξ
o
, ji

denotes the element in coefficient matrix Σ++(x). Taking the
bound of S (t) and G(L, t) into (46), we finally get the estimate
of ḋ2(t) as

ḋ2(t) ≤
3X

i=1

εiα
2
i (L, t) + φ1d2(t) + φ2V(t) + c4, (55)

where

εi = (8`2
i (L, L)λ2

i + 8 ji‖R‖2),

φ1 = (8N2(L, L)(Λ−)2 + 2(RΣ+−(L))2)‖R‖2,

φ2 =
8
p3

�
c1 +

c2

p1

�
+

8c3‖R‖2

p3
,

c4 ≥ 2‖RΛ+‖2‖αx(L, t)‖2,

where c4 is the upper bound of term 2‖RΛ+‖2‖αx(L, t)‖2. This
concludes the proof of Lemma 2. �

Both Lemma 1 and Lemma 2 serve as an intermediate
bridge to show the avoidance of the Zeno phenomenon of the
system. After the two estimates are obtained, we could define
another function to prove that there exists a minimal dwell-
time between two triggering times in our ETC framework.

B. Avoidance of Zeno Phenomenon
The Zeno phenomenon should always be avoided in our

control design. We have the following theorem to guarantee
the Zeno free for the closed-loop system (15)-(18).

Theorem 2: The dynamic triggering mechanism in Defini-
tion 1 guarantees a minimum dwell-time τ? > 0 between two
consecutive triggering times, satisfying tk+1 − tk ≥ τ?, k ≥ 0.
The parameters ζ, µ, σ, ςi, i ∈ {1, 2, 3, 4}, η, εi, i ∈ {1, 2, 3}
satisfy:

ςi ≥ max
n
ζBe

µL
Λ− εi, ζµεi, i ∈ {1, 2, 3}

o
, (56)

ς4 ≥ max
n
0,−2ζµ

�X
Aiq2

i − B
�
, i ∈ {1, 2, 3}

o
. (57)

Proof: Based on Definition 1, for all time t ≥ 0, all executed
events satisfy:

ζBe
µL
Λ− d2(t) ≤ ζµσV(t) − m(t). (58)

Defining another function Ψ(t) as

Ψ(t) =
ζBe

µL
Λ− d2(t) + 1

2 m(t)

ζµσV − 1
2 m(t)

. (59)

The function d(t) and V(t) are continuous on time interval
[tk, tk+1], so that the function Ψ(t) is also a continuous function
at [tk, tk+1]. We can derive that there exists t′k > tk such
that ∀t ∈ [t′k, tk+1], Ψ(t) ∈ [0, 1] using the intermediate value
theorem and the term ζµσV − 1

2 m(t) is inherently avoided to
be zero. The time derivative of function Ψ(t) is then obtained
as:

Ψ̇(t) =
2ζBe

µL
Λ− dḋ + 1

2 ṁ

ζµσV − 1
2 m

−
ζµσV̇ − 1

2 ṁ

ζµσV − 1
2 m

Ψ. (60)

Using Young’s inequality, we have

Ψ̇(t)

≤
ζBe

µL
Λ− d2

ζµσV − 1
2 m

+
ζBe

µL
Λ− ḋ2

ζµσV − 1
2 m

+

1
2

�
−ηm + Be

µL
Λ− d2 − σµV

�
ζσµV − 1

2 m

+

1
2

�
−
P3

i=1 ςiα
2
i (L, t) − ς4β

2(0, t)
�

ζµσV − 1
2 m

−
ζµV̇Ψ

ζµσV − 1
2 m

+

1
2

�
−ηm + Be

µL
Λ− d2 − σµV

�
ζµσV − 1

2 m
Ψ

+

1
2

�
−
P3

i=1 ςiα
2
i (L, t) − ς4β

2(0, t)
�

ζµσV − 1
2 m

Ψ. (61)

Based on the Lyapunov functional definition in (37), the time
derivative V̇(t) is derived via integration by parts and combined
with boundary conditions of the perturbed target system. This
yields the expression for V̇(t):

V̇ ≤ −
3X

i=1

Aie
−
µL
λi α2

i (L, t) +

 
3X

i=1

Aiq2
i − B

!
β2(0, t)

+ Be
µL
Λ− d2(t) − (µ − γ)V , (62)
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where γ = 2A
p3 min{λi}

�
maxx∈[0,L]



Σ++(x)


+ �

1 + 1
p1

�
maxx∈[0,L]



Σ+−(x)


 �. Replacing V̇ and using the result in

Lemma 2, we have

Ψ̇(t)

≤ −

�
ζµ
�P

Aiq2
i − B

�
+ 1

2ς4
�
β2(0, t)

ζµσV − 1
2 m

Ψ

−

1
2ηm

ζµσV − 1
2 m

Ψ +

P
(ζµεi − ςi)α2

i (L, t)
ζµσV − 1

2 m
Ψ

+
Be

µL
Λ− d2

�
−ζµσ+ 1

2

�
ζµσV − 1

2 m
Ψ +

�
ζµσ(µ − γ) − 1

2µσ
�

V

ζµσV − 1
2 m

Ψ

+
ζBe

µL
Λ−

�
1 + φ1 +

1
2ζ

�
d2

ζµσV − 1
2 m

+

P�
ζBe

µL
Λ− εi − ςi

�
α2

i (L, t)

ζµσV − 1
2 m

+

�
ζBe

µL
Λ− φ2 −

1
2µσ

�
V

ζµσV − 1
2 m

−

1
2ηm

ζµσV − 1
2 m
−

1
2ς4β

2(0, t)

ζµσV − 1
2 m

.

(63)

Choosing ςi ≥ ζBe
µL
Λ− εi and ςi ≥ ζµεi, i ∈ {1, 2, 3}, ς4 > 0

and ς4 +2ζµ
�P

Aiq2
i − B

�
> 0, we get the following equation

after simplification

Ψ̇(t)

≤

ζBe
µL
Λ−

�
1 + φ1 +

1
2ζ

�
d2

ζµσV − 1
2 m

+

�
ζBe

µL
Λ− φ2 −

1
2µσ

�
ζµσ

+ η

+
Be

µL
Λ− d2

�
−ζµσ+ 1

2

�
ζµσV − 1

2 m
Ψ+ηΨ+

�
ζµσ(µ−γ)− 1

2µσ
�

ζµσ
Ψ.

(64)

Rewriting and rearranging the above equation, thus the we
deduce that

Ψ̇(t) ≤

 
−ζµ+ 1

2

ζ

!
Ψ2 +

�
1 + φ1 +

1
2ζ

+
−ζµσ+ 1

2

ζ
+ η+

ζµσ(µ − γ) − 1
2µσ

ζµσ

!
Ψ

+

0@�ζBe
µL
Λ− (φ2 + c4)− 1

2µσ
�

ζµσ
+η+1+φ1+

1
2ζ

1A .
(65)

And the Ψ(t) has the form

Ψ̇(t) ≤ ϕ1Ψ2(t) + ϕ2Ψ(t) + ϕ3, (66)

where ϕ1 = 1
2ζ − µσ, ϕ2 = 1 + φ1 +

1
2ζ (1 − σ)µ − γ + η,ϕ3 =

Be
µL
Λ− (φ2+c4)
µσ

+ 1 + η+ φ1. Using the comparison principle, we
get the time from Ψ(t′k) = 0 to Ψ(tk+1) = 1 is at least

τ? =

Z L

0

1
ϕ1s2 + ϕ2s + ϕ3

ds. (67)

Then, tk+1 − tk ≥ tk+1 − tt′k = τ?. This concludes the proof of
Theorem 2. �

Building upon the established minimal dwell-time guarantee
between consecutive triggering instants, Zeno behavior is

eliminated. This result, combined with the preceding analysis,
rigorously establishes exponential stability for the closed-loop
dynamics (15)-(18) under the event-triggered controller (31),
as formalized in Theorem 3.

Theorem 3: Let Ai > 0, i ∈ {1, 2, 3}, B > 0, ζ > 0, η ∈ (0, 1),
ςi, i ∈ {1, 2, 3, 4} ∈ (0, 1) such that

ςi − Aie
−
µL
λi ≤ 0, i ∈ {1, 2, 3}, (68)

ς4 +

3X
i=1

Aiq2
i − B ≤ 0, i ∈ {1, 2, 3}, (69)

The system (15)-(18) with the ETC (31) achieves exponential
convergence in L2-sense.

Proof: Consider the following Lyapunov functional for
system (33)-(36),

Vd(t,m) = V(t) − m(t). (70)

The time derivative of the Lyapunov functional is:

V̇d(t,m) ≤ Be
µL
Λ− d2(t) − (µ − γ)V − ṁ(t)

−

3X
i=1

Aie
−
µL
λi α2

i (L, t) +

 
3X

i=1

Aiq2
i − B

!
β2(0, t),

(71)

we already define ṁ(t) in Definition 1, thus

V̇d ≤ −(µ − γ)V + Be
µL
Λ− d2(t) + ηm + µσV

− Be
µL
Λ− d2(t) +

3X
i=1

�
ςi − Aie

−
µL
λi

�
α2

i (L, t)

+

 
ς4 +

3X
i=1

Aiq2
i − B

!
β2(0, t). (72)

Simplifying the above equation, it can be deduced that

V̇d ≤ −(µ(1 − σ) − γ)Vd + (η − (µ(1 − σ) − γ))m. (73)

Choosing η − (µ(1 − σ) − γ) ≥ 0, we get

V̇d ≤ −(µ(1 − σ) − γ)Vd. (74)

Using the fact V(t) ≤ Vd(t,m) from the definition Vd(t,m) =

V(t) − m(t) and the property m(t) ≤ 0, we get

V(t) ≤ e(−(µ(1−σ)−γ)t)(V(0) − m(0)). (75)

Therefore, an estimation of the original system of the L2 norm
can be written as

‖w(x, t)‖2L2 ≤
p2 p4

p1 p3
e−(µ(1−σ)−γ)t �‖w(x, 0)‖2L2 − m(0)

�
. (76)

This concludes the proof of Theorem 3. �
Remark 2: In Theorem 3, we have established the expo-

nential convergence for the close-loop mixed-autonomy traffic
system to the equilibrium point. The exponential stability for
the mixed-autonomy traffic system could be obtained by taking
m(0) = 0. However, we assume the initial value of m is
negative and the function Ψ(t) may be undefined in (59) when
m(0) = 0 and the result Ψ(t) ∈ [0, 1] may not be obtained
through intermediate value theorem. As a result, the minimal
dwell time between two triggered events could not be proved
through our analysis in the proof of Theorem 2.
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Remark 3: The designed parameters ζ, η, µ, B, ζ, ςi, i ∈
{1, 2, 3, 4}, Ai, i ∈ {1, 2, 3} are selected by condition (56)-(57)
in Theorem 2 and (68)-(69) in Theorem 3. The parameter
σ, µ are related to the decay rate of the Lyapunov function.
However, the optimal choice of design parameters regarding
to the conservatism and sampling speed is not tackled, which
could be further explored in the future work. In this paper, we
mainly focus on the stability result and the traffic application
of the proposed ETC. A sensitive analysis of design parameters
was provided in the next section.

C. Observer-Based Event-Triggered Controller

In previous section, we developed the ETC design using
full-state information which can be difficulty to obtain in
practice. Only sparse measurement of traffic speed and density
is collected by a limited number of loop detectors and road-
side cameras. Therefore, it is necessary to design boundary
observer for state estimation. Next, we will formulate an
observer-based ETC for the mixed-autonomy traffic system.

First, consider an anti-collocated boundary observer that
relies on the measurement y(t) = w−(0, t), the observer
equations are given as:

ŵ+
t (x, t) + Λ+ŵ+

x (x, t)

= Σ++(x)ŵ+(x, t)+Σ+−(x)ŵ−(x, t)+P+(x)w̃−(0, t), (77)
ŵ−t (x, t) − Λ−ŵ−x (x, t)

= Σ−+(x)ŵ+(x, t) + P−(x)w̃−(0, t), (78)

with boundary conditions,

ŵ+(0, t) = Qŵ−(0, t), (79)

ŵ−(L, t) = Rŵ+(L, t) + Ūo f (t), (80)

where gains of the output injections P+(x), P−(x) need to be
designed. At the same time, using the backstepping transfor-
mation in (20) for the hat-system (77)-(80), we get the target
system with states Kw+ := α̂ = [α̂1, α̂2, α̂3]T , Kw− := β̂.
More details of the backstepping transformation, the kernel
equations as well as the output injections can be found in
[15], [25], and [33]. The output-feedback control law is

Ūo f (t) =

Z L

0
(L(L, ξ)α̂(ξ, t) + N(L, ξ)β̂(ξ, t))dξ

− Rŵ+(L, t), (81)

and its sampled version is given as

Ūd
o f (t) =

Z L

0
(L(L, ξ)α̂(ξ, tk) + N(L, ξ)β̂(ξ, tk))dξ

− Rŵ+(L, tk). (82)

The actuation discrepancy do(t) of the output-feedback
controler is

d0(t) = −R(w+(L, tk) − w+(L, t))

+

Z L

0

�
L(L, ξ)(α̂(ξ, tk) − α̂(ξ, t))

+ N(L, ξ)(β̂(ξ, tk) − β̂(ξ, t)
�

dξ. (83)

Remark 4: We have formulated an observer-based ETC
scheme without giving a theoretical proof of convergence
for the closed-loop system to rule out Zeno behavior and to
establish finite-time convergence of the closed-loop system.
This paper mainly focuses on the application relevance of
ETC in mixed-autonomy traffic. To illustrate its performance,
we present simulation results for the observer-based ETC for
the mixed-autonomy traffic system in the experiments section.
While the general steps in proof may follow approaches
in [25], [26], and [36], extending them to mixed-autonomy
traffic systems introduces significant theoretical complexity.
In particular, deriving sufficient conditions for stability—and
especially for avoiding the Zeno phenomenon—would involve
numerous system and design parameters. These conditions
would likely need to be expressed in terms of linear matrix
inequalities (LMIs), potentially resulting in a highly complex
and less interpretable formulation. Given the application focus
of this paper, a full mathematical derivation is beyond the
scope of the current paper. We regard this as an important
theoretical direction for future work.

V. EXPERIMENTS

In this section, we analyze the performance of the proposed
ETC for the mixed-autonomy traffic system. Extensive simu-
lations are performed to test the proposed ETC under different
scenarios.

A. Simulation Settings

1) Model Parameters Selection: We run the simulation on
a 6.5m wide, L = 1km long roadway over 450s. The width of
the road is comparable to three lanes and the capacity of the
road is higher than that of a conventional road due to the lane-
free modeling setting and the frequent “creeping effect,” where
faster vehicles overtake slower ones. The experiments employ
the following model parameters. Equilibrium densities of HVs
and AVs are selected as ρ?h = 110veh/km, ρ?a = 95veh/km.
Equilibrium speeds are v?h = 32km/h, v?a = 15km/h. The
relaxation time are τh = 30s, τa = 60s. The pressure exponent
value are selected as γh = 2.5, γa = 2. The spacing polices
are sh = 8m, sa = 15m. The maximum area occupancy
AOh = 0.9, AOa = 0.85. The free-flow speed of HVs and
AVs are Vh = 80km/h and Va = 60km/h. To induce stop-and-
go oscillations, sinusoidal perturbations are imposed as initial
conditions.

2) Design Parameters Selection: In addition to the model
parameters, the design parameters for Lyapunov analysis and
ETC design are also essential. We choose ζ = 8× 10−3, σ =

1 × 10−4, η = 0.9, A1 = 2 × 10−2, A2 = 3 × 10−3, A3 =

4× 10−3, B = 9× 10−3, and the other parameters are selected
as ς1 = 2× 10−10, ς2 = 2× 10−9, ς3 = 1.2× 10−12, ς4 = 0.01,
µ = 5× 10−4.

The simulations are performed on an Intel core I9-12900K
CPU with a clock rate of 3.6 GHz, and a Nvidia GeForce RTX
4090 Ti GPU.

B. Open-Loop and Closed-Loop Results

We first test the open-loop system performance. The open-
loop results of HVs and AVs are shown in Fig. 5. Both traffic
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Fig. 5. The open-loop traffic density and speed of mixed-autonomy traffic
system. Traffic states oscillate in the simulation period.

Fig. 6. The closed-loop traffic density and speed of mixed-autonomy system
under proposed full-state feedback ETC with AV’s spacing policy sa = 15m.

Fig. 7. The performance of ETC under sa = 15m.

density and speed of HVs and AVs oscillate in the whole
spatial-temporal domain, leading to the abrupt acceleration
of vehicles such that the driving comfort is low. The traffic
density and speed do not converge to the equilibrium point.
Then, we apply our proposed ETC to the mixed-autonomy

Fig. 8. The closed-loop traffic density and speed of mixed-autonomy system
under observer-based ETC with AV’s spacing policy sa = 15m.

Fig. 9. The performance of observer-based ETC under sa = 15m.

traffic system, the closed-loop results are shown in Fig. 6. It is
observed that the traffic density and speed converge to their
equilibrium states exponentially. The traffic density and speed
in the spatial-temporal domain reach the equilibrium points.
Fig. 7 compares the backstepping controller and the proposed
ETC and gives the triggered times in the whole simulation
period. It reveals that the ETC is a piecewise-continuous
control input, and it almost tracks the backstepping controller
when the triggering condition is satisfied. The triggered times
is 160 and the total release time is 291s, meaning that the
control input remains the same with the last time step until
the triggering condition is executed. In addition, the traffic
density and speed evolution under the observer-based ETC
are shown in Fig.8, while the comparison of control input and
total release time is presented in Fig.9. The results indicate
that, compared to the full-state feedback ETC, the observer-
based ETC exhibits slower convergence of traffic density and
speed to the equilibrium point. This is due to the additional
transient required for the estimated states to approach the true
system states. Furthermore, more frequent controller updates
are necessary to ensure system stability. The number of
triggering times is 358, with a total release time of 93s.

We apply the control input at the downstream of the road
section through ramp-metering. The ramp-metering is realized
by placing the traffic signal to control the rate whether vehicles
enter the main road. By applying ETC to the signal control,

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: The Hong Kong University of Science and Technology (Guangzhou). Downloaded on November 19,2025 at 02:54:50 UTC from IEEE Xplore.  Restrictions apply. 



ZHANG AND YU: EVENT-TRIGGERED REGULATION OF MIXED-AUTONOMY TRAFFIC 11

Fig. 10. The closed-loop traffic density and speed of mixed-autonomy system
under proposed ETC with AV’s spacing policy sa = 12m.

Fig. 11. The performance of ETC under sa = 12m.

the signal does not change at every time step. This reduces
the frequency of signal updates, allowing drivers to spend
less time monitoring the traffic light and more time focusing
on driving. As a result, driver distraction is reduced under
longer release time, which contributes to improved safety in
the mixed-autonomy traffic system.

C. Experiments With Different Spacing Polices

In this section, we test the effect of different spacing
policies. Taking the sa = 12m, the traffic density and speed
are shown in Fig. 10. The other settings keep the same with
sa = 15m, then the different spacing leads to the equilibrium
speed as v?h = 48km/h and v?a = 28km/h. It shows that the
traffic density and speed also converge to their equilibrium
points. The comparison of the backstepping control law and
proposed ETC is shown in Fig. 11(a), while the release instants
are shown in Fig. 11(b). Our proposed ETC stabilizes the
system under different spacing policies.

In the previous setting, the spacing policy of AVs is still
larger than that of HVs. In this section, we explore a more
aggressive scenario in which the spacing policy of AVs is
smaller than that of HVs. Specifically, the spacing policy
for AVs and HVs are set to 8m and 15m, respectively.
By adopting this configuration, the corresponding free-flow
speeds and maximum area occupancies of AVs and HVs are
adjusted accordingly to reflect their altered driving behavior.

Fig. 12. The closed-loop traffic density and speed of mixed-autonomy system
under proposed ETC with aggressive AV’s spacing policy sa = 8m.

Fig. 13. The performance of ETC under aggressive AV’s spacing policy
sa = 8m.

The density and speed evolution of AVs and HVs are shown in
Fig. 12. It is observed that the traffic density and speed of HVs
and AVs still converge to their equilibrium points at finite time.
The comparison of the backstepping controller and proposed
ETC is shown in Fig. 13(a), while the release instants are
shown in Fig. 13(b). Under this aggressive setting, the system
achieves a total release time of 349s with only 101 triggering
events, indicating a significant reduction in control updates
and improved release time.

D. Experiments With Different Initial Traffic Conditions

To further test the robustness of the proposed ETC for the
mixed-autonomy traffic system. We take two different initial
conditions to test the performance of the ETC. The first is the
non-recurrent initial condition, which we select as

ρh(x, 0) = ρ?h +
ρ?h
4

sin
�πx

L

�
, vh(x, 0) = v?h −

v?h
4

sin
�πx

L

�
,

(84)

ρa(x, 0) = ρ?a +
ρ?a
4

sin
�πx

L

�
, va(x, 0) = v?a −

v?a
4

sin
�πx

L

�
.

(85)

This condition is related to a sudden deceleration occurring
in the middle of the road section, leading to a density wave
propagating from upstream to downstream and a speed wave
transports from downstream to upstream at the meantime.
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Fig. 14. The closed-loop traffic density and speed of mixed-autonomy system
under proposed ETC with non-recurrent initial conditions.

Fig. 15. The closed-loop traffic density and speed of mixed-autonomy system
under proposed ETC with non-recurrent initial conditions.

Fig. 16. The release interval with different initial conditions.

Therefore, the density will initially increase and then decrease,
whereas the speed will decrease and subsequently increase.
The results of the non-recurrent initial condition are shown in
Fig. 14. The traffic system is still stabilized by the ETC and
reaches equilibrium points with small perturbations. Then, we

TABLE I
DIFFERENT TRAFFIC DEMAND SCENARIOS CONTAINING HV’S

DEMAND AND AV’S DEMAND: HIGH DEMAND, MEDIUM
DEMAND AND LOW DEMAND

Fig. 17. The release interval with different traffic demands.

selected the linear initial condition:

ρh(x, 0) =
ρ?h
4

x, vh(x, 0) = −
v?h
4

x, (86)

ρa(x, 0) =
ρ?a
4

x, va(x, 0) = −
v?a
4

x. (87)

This condition represents the scenario in which vehicles decel-
erate downstream due to lane closure. This scenario leads to a
decrease in traffic speed and an increase in traffic density due
to vehicle accumulation. The results are shown in Fig. 15.
It finds that the traffic could also be stabilized under this
type of setting. For the non-recurrent case, the system could
execute less times to gain a large total release time to improve
the driving safety, as shown in Fig. 16. The results of both
types of initial conditions demonstrate that the proposed ETC
effectively stabilizes the traffic system and the traffic states
converge to their equilibrium, showing that the proposed ETC
is robust to various traffic conditions.

E. ETC Under Different Traffic Demands

The proposed ETC has been applied to the various initial
conditions to show its effectiveness. In addition to the various
initial conditions, the arrival rate of HVs and AVs are varying
which leads to different traffic demands on the road. In this
section, different traffic demands are applied to the traffic
system under the proposed ETC. The different demands are
selected as Tab. I. Three traffic demand levels, high demand,
medium demand and low demand, are assigned to test the
performance of ETC. It could be concluded that the proposed
ETC stabilizes the traffic system in response to different
upstream demand, indicating that the ETC is robust to different
traffic conditions. The release instant for different demand
levels is shown in Fig. 17, the controller under the medium
demand achieves the longest total release time (291s) with
minimum triggered times (160) among the three scenarios.

F. Traffic Performance Evaluation

We also added three traffic performance indices to compare
the performance of the ETC, including fuel consumption, total
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TABLE II
TRAFFIC PERFORMANCE OF THE MIXED-AUTONOMY TRAFFIC SYSTEM IN

DIFFERENT SPACING POLICIES OF AVS, DIFFERENT INITIAL
CONDITIONS AND DIFFERENT TRAFFIC DEMANDS

travel time (TTT) and discomfort value introduced in [37]. The
definition of the performance indices are:

Jfuel =

Z T

0

Z L

0
max{0, b0 + b1v(x, t) + b2v(x, t)a(x, t)

+ b3v3(x, t)}ρ(x, t)dxdt (88)

Jdiscom =

Z T

0

Z L

0
(a2(x, t) + a2

t (x, t))ρ(x, t)dxdt (89)

JTTT =

Z T

0

Z L

0
ρ(x, t)dxdt (90)

where coefficients of fuel consumption model are selected as
b0 = 25×10−31/s, b1 = 24.5×10−61/m, b2 = 125×10−6s2/m2,
b3 = 32.5× 10−9s2/m3 [37, p.485]. a(x, t) is the local acceler-
ation a(x, t) = vt(x, t)+ v(x, t)vx(x, t). As shown in Tab. II, the
performance indices of each controller and different scenarios
are compared with their improvement percentage over the
baseline open-loop system. It reveals that the backstepping
controller and ETC could significantly improve the driving
comfort compared with the open-loop system, leading to a
reduction of the discomfort value. Compared with the back-
stepping controller, the ETC brings discomfort to drivers due
to the piece-wise constant control input induced by the event-
triggered mechanism, while the driving safety is improved and
the computational resource is saved. It is also observed that the
controller significantly improves fuel consumption and total
travel time under non-recurrent and linear initial conditions, as
these scenarios are less complex compared to the stop-and-go
traffic congestion scenario. The proposed ETC also achieves
a longer release time in these two cases.

Another traffic performance index is the total delay(TD)
caused by the traffic congestion. Smaller delay indicates the
high efficiency of the mixed-autonomy traffic system, the
definition of the delay is defined as [38]:

TDi = TTTi −
TMTi

Vi
, i ∈ {HVs,AVs}, (91)

TABLE III
TOTAL DELAY OF THE MIXED-AUTONOMY TRAFFIC SYSTEM UNDER

DIFFERENT SPACING POLICIES OF AVS, INITIAL CONDITIONS, AND
TRAFFIC DEMANDS

TABLE IV

THE EFFECT OF AV PENETRATION RATES ON THE
TRIGGERING MECHANISM

where TTT is the total travel time, and TMT is the total miles
traveled. Vi is the maximum traffic speed of HVs and AVs.
We calculate the total delay for the HVs and AVs in different
scenarios, as shown in Tab. III. Compared with the open-loop
system, the closed-loop system performs lower total delays
under both the backstepping method and the proposed ETC.
The proposed ETC can reduce delays more effectively than
the backstepping controller in aggressive-spacing AV settings,
demonstrating its superior ability to mitigate traffic congestion.
It is also observed that the delay in the linear initial condition
outperforms the non-recurrent initial condition, while under
different traffic demands, the proposed ETC has smallest delay
under high traffic demands.

G. Experiments With Different AV Penetration Rates

We further test the effectiveness of the event-triggered
mechanism under different penetration rates of AVs. The
penetration rate of AVs is defined as the total number of AVs
on the studied road section. We keep the equilibrium inflow to
be the same under the different equilibrium density of AVs and
HVs and test the different penetration rates of AVs from 44%
to 53%, the results are shown in Tab. IV. The total release
time is 206 s with 245 triggering times at 44%, while the
total release time grows to 299 s with 152 triggering times
at 53%. It is revealed that the system would execute more
times under the low penetration rate to maintain the stability
of the system and drive the system states to equilibrium states,
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Fig. 18. Sensitivity analysis for design parameters µ, σ, and ζ. The total
release time and convergence time of Lyapunov functional are selected as
performance indices.

while it tends to execute less time to reduce the computational
burden and gain more release time under higher penetration
rates of AVs. Due to the conservative driving policy of AVs,
the system becomes more stable under high penetration rates
that the event-triggering mechanism executes less.

H. Sensitivity Analysis of Design Parameters

In the previous section, we have proved that the mixed-
autonomy traffic system achieves exponentially convergence.
The designed parameters we use are selected by (56)-(57)
and (68)-(69). In this section, we conduct sensitive analysis
for the designed parameters µ, σ, and ζ. Two performance
measure, total release time and convergence time of Lya-
punov functional, are selected to test the system performance
under different design parameters. The convergence time of
Lyapunov functional denotes the time when the value of the
Lyapunov functional smaller than certain threshold. Results
for different values of µ, σ, and ζ are shown in Fig. 18. It
is observed that a larger µ leads to a longer release time and
a shorter convergence time of Lyapunov functional, while a
larger σ leads to both longer release time and convergence
time. This is consistent with our theoretical results in (76)
that a larger σ would make the system converge slower. For
the sensitive analysis of ζ, it is related to triggering condition
in Definition 1. The result shows that the release time and the
convergence time exhibit the same trend under the different
value of ζ.

VI. CONCLUSION AND FUTURE WORK

In this paper, we proposed an ETC strategy to mitigate
stop-and-go traffic congestion in mixed-autonomy systems
consisting of both AVs and HVs. The propagation of densities
and speeds of HVs and AVs in congested traffic was described
by a hyperbolic 4 × 4 PDEs and boundary control input was
considered. The ETC was constructed based on continuous-
time control laws derived through backstepping control design
to reduce the computational burden. Theoretical analysis was
conducted to prove the effectiveness of the proposed ETC
and the Zeno phenomenon was proved to be avoided using
the Lyapunov method. Finally, extensive simulations were
applied to verify theoretical results and validate the proposed
ETC under various traffic scenarios, including different traffic
demands, AV penetration rates, and different spacing policies.
It was shown that higher AV penetration rates lead to longer
release time, giving the possibility of AVs in mitigating traffic
congestion under the proposed ETC.

Although we have formulated the observer-based ETC, a
rigorous analysis for the mixed-autonomy traffic system to
prove the Zeno-free behavior and the finite-time convergence
is still needed. The total release time is reduced in observer-
based ETC due to the requirement of ensuring both system
stability and convergence of traffic states. This necessitates a
higher frequency of triggering events, thereby leading to less
release time. The traffic performance (TTT, driving discomfort
value, fuel consumption) may decrease compared with the
full-state feedback controller due to the states estimation error
caused by the observer. In addition, it is also possible to utilize
machine learning-based methods such as physics-informed
neural networks(PINNs) [39], [40] and neural operators(NO)
[41], [42], [43] for traffic state estimation. These approaches
enable the reconstruction of full traffic state information, which
can subsequently be used to compute the backstepping control
law. Future work will focus on the theoretical analysis of the
observer-based ETC.

Another limitation of this work lies in computational load
of monitoring the triggering condition at each time-step in
the whole simulation period, which also imposes significant
pressure on the traffic management system. A possible solution
is to adopt periodic ETC and self-triggered ETC designs [27],
[44], which avoid the need for continuous sensing of the
triggering condition and Lyapunov functionals.
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