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 a b s t r a c t

Autonomous-vehicle (AV) driving strategies are typically designed and analyzed at the vehicle 
level, yet their macroscopic impact remains insufficiently understood. This challenge is particu-
larly pronounced in mixed-autonomy traffic, where AVs and human-driven vehicles (HVs) may 
exhibit substantial behavioral heterogeneity both across and within vehicle classes. Meanwhile, 
most available AV data are Lagrangian vehicle trajectories, whereas macroscopic model valida-
tion generally requires Eulerian spatiotemporal measurements over road segments, which remain 
scarce for mixed-autonomy traffic. To bridge this gap, we first characterize heterogeneity through 
microscopic driver-behavior attributes. Experiments across multiple traffic datasets reveal that 
intra-class heterogeneity, within both AVs and HVs, can exceed the average inter-class differ-
ences. Motivated by this finding, we introduce a continuous-valued flow attribute into a generic 
second-order macroscopic traffic model that governs the conservation of both mass and traffic het-
erogeneity. In Lagrangian coordinates, the flow attribute characterizes the intrinsic behavior of 
individual vehicles, whereas in Eulerian coordinates, it represents the average behavioral attribute 
at a given spatiotemporal location. The resulting formulation establishes an interpretable micro-
macro relation by linking differences in vehicle driving behavior to variations in macroscopic 
traffic characteristics, as reflected in the fundamental diagram. We then develop two reconstruc-
tion methods to infer this flow attribute from vehicle trajectories: a physics-based formulation 
when historical data are available and a neural-network-based method that relies only on local 
spatiotemporal data. Experiments validate that the proposed approach effectively captures traf-
fic heterogeneity by separating the speed-density scatter points in the fundamental diagram into 
attribute-dependent groups. Compared with the Aw-Rascle-Zhang model benchmark, the pro-
posed heterogeneity-based model reduces validation error up to 20%. Detailed analyses further 
show that the model generalizes well, maintaining nearly the same accuracy when evaluated 
under previously unseen traffic conditions.

1.  Introduction

Autonomous vehicles (AVs) have made significant advancements in real-world applications. In mixed-autonomy traffic, where 
traditional human-driven vehicles (HVs) share the road with AVs, many research works have focused on the role of AVs in improving 
traffic systems at the microscopic scale. These studies often regulate the behavior of individual vehicles or inter-vehicle dynamics 
to optimize traffic characteristics, such as capacity, stability (Wang et al., 2021; Shi et al., 2023; Stern et al., 2018), safety (Zhao 
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et al., 2023, 2024), emissions (Sun et al., 2020a; Ercan et al., 2022), and efficiency (Li, 2022; Barth, 2024; Jiang et al., 2024). As the 
scale of the system grows from vehicle platoons to road traffic, microscopic modeling and design become computationally intensive, 
necessitating a shift to macroscopic models that describe the dynamics of aggregated traffic. Macroscopic traffic flow models are 
crucial for understanding the broader impact of AVs on mixed-autonomy systems.

1.1.  Micro-to-macro flow modeling for mixed-autonomy traffic

Most research on mixed-autonomy flow modeling can be categorized into two approaches. The first approach treats traffic systems 
as multi-agent systems and derives a macroscopic limit as the number of agents approaches infinity, by using kinematic limits or the 
mean-field theory. The second approach directly adopts flow models by adjusting model parameters or dynamic formulations to 
account for mixed traffic conditions.

The continuum model is obtained as the kinematic limit of the vehicle particle model, in which the number of vehicles tends to 
infinity while the total mass is preserved (Chiarello et al., 2020; Dimarco et al., 2022). The derived model provides a rigorous formu-
lation that reveals the microscopic mechanisms underlying the macroscopic model terms. However, the high analytical complexity 
of this approach has restricted the derivation of the macroscopic limit to only a few simple feedback-form AV controllers (Chiarello 
et al., 2021; Holden and Risebro, 2024; Tordeux et al., 2018). The mean-field game approach models each driver as an optimizing 
agent whose cost depends on the aggregate traffic distribution. The resulting mean-field equilibrium, at which no driver can reduce 
their cost by unilaterally changing their driving strategy, provides a macroscopic description of traffic dynamics (Huang et al., 2020; 
Li et al., 2022; Mo et al., 2024). The equilibrium is obtained by solving a coupled backward Hamilton-Jacobi-Bellman (HJB) PDE that 
describes the optimal actions of individual vehicles, and a forward Fokker-Planck-Kolmogorov (FPK) PDE that describes the aggre-
gated traffic flow dynamics. Deriving the equilibrium often involves strong assumptions that may not hold in real-world traffic. For 
example, drivers are assumed to make decisions based on the position and speed of all other vehicles, whereas both human drivers 
and AVs rely only on neighboring traffic information due to the limited vision and wireless communication ranges, respectively (Li 
et al., 2025). Moreover, solving the coupled forward-backward PDEs can impose a high computational burden.

The second approach models mixed-autonomy traffic by adapting key parameters of existing traffic-flow models, such as the 
fundamental diagram, according to microscopic AV-controller design such as controller gains (Martínez and Jin, 2020) and AV 
penetration rate (Qin et al., 2021; Vander Laan and Schonfeld, 2020). The formulated model retains the structure of classical flow 
models, enabling the application of established analytical properties and numerical schemes. Related studies have adopted the first-
order Lighthill-Whitham-Richards (LWR) model (Vander Laan and Schonfeld, 2020; Qin et al., 2021) and the second-order Aw-
Rascle-Zhang model (Aw and Rascle, 2000; Zhang, 2002; Imran et al., 2024; Hui and Zhang, 2024) to analyze mixed traffic. Related 
results have derived how the microscopic control design affect macroscopic model parameters under ideal cases with known vehicle 
dynamics and spatial distributions of vehicle positions along the road. However, these models treat all vehicles as a homogeneous 
group and provide limited insight, and sometimes are inconsistent with, how AVs interact with surrounding traffic on microscopic 
levels.

To explicitly model the behavioral differences and interactions between AVs and HVs, two-class models have been proposed (Log-
ghe and Immers, 2008; Zhang et al., 2024). Each class’s density follows its own continuity equation, while its desired speed depends 
on the total density. In two-class models, all HVs are categorized to one class and all AVs to the other. As an extension to incorpo-
rate heterogeneity within AVs or HVs, multi-class models have also been proposed (Wong and Wong, 2002; Ngoduy and Liu, 2007; 
Levin and Boyles, 2016; Qian et al., 2017). Multi-class models characterize AVs and HVs using class-averaged attributes, assuming 
homogeneous behavior within each class. However, by analyzing real-world trajectory data, we show that within-class heterogene-
ity can exceed the differences between AVs and HVs. Therefore, a binary categorization of vehicles as AVs or HVs is inadequate to 
characterize traffic heterogeneity at the macroscopic level.

To address the limitations of discrete classification in capturing within-class heterogeneity, we represent driver characteristics 
using continuous-valued attributes. We first quantify microscopic driving heterogeneity through car-following model parameters and 
behavioral stochasticity. We then introduce a flow attribute variable that serves as a bridge between microscopic and macroscopic 
representations of traffic heterogeneity. Governed by a conservation law, the flow attribute remain invariant along vehicle trajectories. 
In Lagrangian coordinates, it reflects the driver’s intrinsic behavioral characteristics, whereas in Eulerian coordinates, it represents 
the average driver attributes at a given spatiotemporal location. In previous studies, the model has been known as the Generic 
Second-Order Model (GSOM) (Lebacque et al., 2007). Several physical interpretations have also been proposed for the traffic flow 
attribute variable, such as the desired gap (Zhang et al., 2009) or the free-flow speed (Fan et al., 2014; Mo et al., 2024). However, 
existing reconstruction methods still operate at the macroscopic level and require complete spatiotemporal data, leading to high 
computational costs and limited feasibility for real-time applications. Moreover, under a macroscopic framework, it remains unclear 
how microscopic vehicle motions affect macroscopic flow attributes. In this paper, we propose reconstruction methods to obtain the 
flow attribute variable from vehicle trajectory data with a low computational cost and high interpretability.

1.2.  Data collection and utilization in mixed-autonomy traffic

Traffic data are essential for reconstructing and calibrating traffic-flow models. Early-stage data collection methods, such as those 
used in the PeMS dataset (Choe et al., 2002), rely on road-based radars or loop detectors to measure vehicle flow and occupancy at 
fixed locations. Despite their ease of implementation, the data provided by these methods lacks detailed information on vehicle motion 
within a road segment and is thus insufficient for studying mixed autonomy traffic. With advancements in visual sensing techniques, 
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traffic data across an entire road segment over a time period has been collected using surveillance cameras (e.g., the NGSIM FHWA, 
2007 and I24 Motion Gloudemans et al., 2023 datasets) or aerial videos from helicopters (e.g., the HighD dataset Gloudemans 
et al., 2023). These sensors are fixed and provide video images in Eulerian coordinates, from which detailed vehicle trajectories can 
be extracted. However, trajectory extraction from video images is computationally intensive. Occlusions caused by infrastructure 
or adverse weather may further degrade data quality or result in  (Gloudemans et al., 2023). Finally, these data do not reliably 
distinguish AVs from HVs.

Lagrangian data directly provides high-accuracy vehicle motion information, thereby significantly facilitating the analysis of 
microscopic traffic dynamics. The growing deployment of AVs is expected to provide abundant traffic data in Lagrangian coordinates. 
AVs are typically equipped with various onboard sensing devices, such as radar and LiDAR sensors, cameras, GPS, and Inertial 
Measurement Units (IMUs), which provide accurate real-time measurements of position, speed, acceleration of the ego vehicle and 
also surrounding vehicles (Liu et al., 2024; Masello et al., 2022). Several research groups and companies have released trajectory 
datasets collected by AVs in real-world traffic environments (Sun et al., 2020b; Zhou et al., 2024; Ammourah et al., 2025; Makridis 
et al., 2021).

Meanwhile, several studies have deployed designed controllers on experimental vehicles and tested their performance in terms 
of stability (Jin et al., 2018; Zhou et al., 2022; Hayat et al., 2025; Wang et al., 2023) and safety (Alan et al., 2024; Batkovic et al., 
2023). In addition, some studies utilize commercial autonomous vehicles to collect traffic data or directly analyze open datasets 
to investigate the impact of AVs on traffic systems. Research has analyzed the effects of AVs from various aspects, such as string 
stability (Gunter et al., 2019, 2020; Yu and Yeo, 2025), safety (Zhang et al., 2025), mobility (Zhou et al., 2024; Beigi et al., 2025), 
fuel consumption (Mao et al., 2024), human’s reaction to autonomous driving (Wen et al., 2022), calibration of AV dynamics (Hu 
et al., 2022; Li et al., 2021), and comparison between driving behaviors of AVs and HVs (Hu et al., 2023; Li et al., 2024). However, 
since the detection range of onboard sensors is typically restricted to a few nearby vehicles, the collected data fail to cover a complete 
spatiotemporal domain, which is essential for studying macroscopic mixed-autonomy traffic flow dynamics, i.e., the aggregated 
impact of AVs on traffic.

For mixed-autonomy traffic modeling, large-scale Eulerian datasets with reliable vehicle automation labels remain scarce. Recent 
efforts, including the TGSIM dataset (Ammourah et al., 2025) and the 100-CAV experiment (Lee et al., 2025; Ameli et al., 2025), 
have begun to provide empirical observations of AV operations in real traffic. However, the aggregate effects of AVs remain difficult 
to assess because current deployments involve limited penetration rates, spatial coverage, and observation periods. Even as AV 
deployment increases, constructing labeled Eulerian datasets will remain challenging, since external observations generally cannot 
determine whether a vehicle is automation-capable or whether its automated-driving functions are active. Given these challenges, 
existing validation methods relying on Eulerian data may not be feasible for mixed-autonomy flow model research.

1.3.  Contribution

In conclusion, the main challenges in mixed-autonomy flow modeling lie in: 1) how to quantify heterogeneity at both the mi-
croscopic (driver behavioral) level and the macroscopic (aggregated flow) level; and 2) the mismatch between the availability of 
Lagrangian data and the need to validate Eulerian macroscopic flow models.

The main contributions of this work are twofold in bridging the gap: 1) we characterize heterogeneity in mixed traffic at the 
microscopic level through driver attributes and at the macroscopic level through a flow attribute; 2) we propose two reconstruction 
methods to infer the macroscopic traffic-heterogeneity attribute from Lagrangian vehicle trajectories, including a physics-based for-
mulation for data-rich settings with historical trajectories and a neural-network approximation for data-scarce settings where only 
local spatiotemporal trajectories are available, as shown in Fig. 1. Our detailed findings are summarized as follows:

• Section 2: Analyzing heterogeneous attributes of AVs and HVs at the microscopic level. We analyze real AV and HV trajectories 
and identify two types of driver attributes that remain approximately constant during the driving process: the driver’s microscopic 
motion dynamics model parameters and local behavioral uncertainty. We demonstrate that heterogeneity exists not only between 
AVs and HVs, but also within each of these classes. Moreover, the heterogeneity of two individual vehicles may exceed the 
difference between the AV-class average and HV-class average.

• Section 3: Modeling mixed autonomy traffic via a continuous-valued flow attribute variable. The heterogeneity within AV and 
HV classes implies that a discrete classification between them is improper, which motivates us to use a continuous-valued flow 
heterogeneity attribute variable to model mixed autonomy dynamics. We describe dynamics of the flow attribute variable via a 
conservation law of density weighted attribute. Therefore, the mixed-autonomy flow model is formulated by two conservation 
laws: one for vehicle number and the other one for flow attribute. This formulation provides a physically interpretable link between 
individual driving behaviors and macroscopic traffic flow.

• Section 4: Reconstruction of traffic flow attributes from vehicle trajectories when historical data is available. We propose an 
interpretable reconstruction method that aggregates driver attributes extracted from the trajectory data into flow attributes. The 
proposed formulation enables analysis of how microscopic vehicle behaviors influence the fundamental diagram of macroscopic 
traffic. Using real traffic datasets, we demonstrate that the proposed method yields lower modeling error in traffic flow prediction.

• Section 5: Reconstruction of traffic flow attributes with scarce data. We develop a data-driven framework that reconstructs macro-
scopic traffic flow heterogeneity attribute directly from locally available trajectories, without requiring historical data, vehicle-
type labels, or AV penetration information. This allows macroscopic analysis of mixed-autonomy traffic using currently available 
datasets, where experimental AVs sparsely travel with HVs. The proposed framework thus provides a practical tool for traffic 
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Fig. 1. We analyze heterogeneous driving behaviors at microscopic-level in Section 2 and introduce a traffic-heterogeneity attribute variable to 
explain how microscopic vehicle behaviors affect macroscopic flow dynamics in Section 3. We propose two reconstruction methods to obtain the 
flow attribute from vehicle trajectories: data-rich scenario with historical trajectory in Section 4 and data-scarce scenario only with trajectories in 
the current spatial-temporal cell in Section 5.

analysis and modeling in real-world mixed-autonomy traffic. Through experiments on multiple open-source traffic datasets, we 
show that the proposed method reduces calibration error from 20 % to 2 % and significantly closes the micro-macro gap. Further 
analysis validates that the proposed framework has a strong generalization ability and accurately captures flow attributes under 
previously unseen traffic conditions.

2.  Microscopic heterogeneity as driver attribute

In this section, we extract microscopic-level vehicle motion attributes from real AV and HV trajectory data. We focus on longitudi-
nal car-following motions in this paper. The research for lateral motion dynamics is one future work. We identify two driver-related 
attributes: a driver’s driving dynamics model parameters, which reflects their preferred traffic state, and the variance in driving 
behavior, which captures their stochasticity. We show that there exists heterogeneity in the driving behaviors of the AV-class and 
HV-class. Besides, individual AVs and HVs also exhibit heterogeneous driving behaviors.

2.1.  Driver attribute: car-following model parameters

The longitudinal driving decisions of human drivers are usually described by car-following models, which express the acceleration 
𝑣̇ as a function of speed 𝑣, gap 𝑠, and leading vehicle speed 𝑣leader . Related studies have adopted several representative models such as 
optimal velocity model (OVM) and intelligent driver model (IDM) to analyze human driver behaviors. In this Section, we adopt the 
simple yet widely used OVM to characterize the microscopic heterogeneity of human drivers from real-world trajectories. We also 
show in Appendix B that with other choices of car-following models, the human drivers also present heterogeneous driving behaviors. 
The OVM model describes the vehicle motion as: 

𝑣̇ =
𝑉opt (𝑠) − 𝑣

𝜏
+ 𝛽(𝑣leader − 𝑣), (1)

where 𝑉opt is the driver’s desired speed dependent on its gap with the leader vehicle, 𝜏 is the adaption time to the desired speed, and 
𝛽 is the sensitivity parameter to the speed difference. We take the desired speed as: 

𝑉opt (𝑠) = max
{

0,min
{

𝑉 f , 𝑠 − 𝑠0

𝑇

}}

, (2)

with 𝑉 f  being the free-flow speed, 𝑇  being the time gap, and 𝑠0 being the minimum gap. The OVM clearly describes how a driver 
reacts to the three traffic states: its own speed 𝑣, the leader speed 𝑣leader , and the gap 𝑠. The first term reflects how the driver adapts 
its acceleration based on gap, and the second term reflects how the driver adapts its acceleration based on the speed difference. 
Unlike human drivers, whose driving decisions are hard to be accurately captured, the motion of autonomous vehicles is governed by 
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Fig. 2. Distribution of calibrated car-following model parameters for HV and AV. There exists heterogeneity not only in the AV-class and HV-class, 
but also within both classes.

well-designed controllers. However, the detailed controller algorithms in commercial AVs are often highly confidential. Therefore, 
we also calibrate an OVM car-following model as in Eq. (1) for autonomous vehicles.

Since we focus on the longitudinal dynamics in this section, we select the following datasets collected in varied car-following 
scenarios: Ring by Zheng et al. (2021), CATS collected by Shi and Li (2021), OpenACC from Makridis et al. (2021), and CentralOhio 
in Xia et al. (2023). The first dataset is collected from an experiment involving 40 human drivers on an 800-meter ring road. There is 
only one lane on the road, which eliminates the influence of lane-changing. The other three datasets are collected from AVs equipped 
with adaptive cruise control (ACC) operating in real traffic scenarios. We use the processed data provided in Zhou et al. (2024), which 
have extracted the trajectories of cruising behaviors. In Appendix A, we give the detailed introduction of these datasets and also the 
distribution of collected speed and gap information from the datasets. These datasets cover a wide range of traffic scenarios from 
free to congested, with the speed ranging from 0m/s(fully stop) to 50m/s (free flow) , and the gap ranging from to 5m to 100m. 
The calibrated free-flow speed 𝑉𝑓  may exceed the observed speed range because it represents the desired speed under unconstrained 
free-flow conditions, whereas most calibration trajectories are collected under constrained car-following conditions.

We calibrate five parameters: 𝜏, 𝛽, 𝑉 f , 𝑇 , and 𝑠0, from collected AV and HV trajectories. The detailed calibration algorithms are 
given in Appendix B. We give the distribution of calibrated parameters in Fig. 2. For AVs, we give the distribution of calibrated 
parameters for all AVs in the three AV datasets. From the parameter distribution, we conclude the following two findings:

• When HVs and AVs are considered as two distinct classes, significant differences can be observed between them across all five 
parameters. This observation is consistent with prior findings on the heterogeneity between AVs and HVs (Zhou et al., 2024). For 
example, in the distribution of the speed sensitivity parameter 𝛽 shown in Fig. 2(b), the majority of AVs have 𝛽 < 1, whereas most 
human drivers have 𝛽 > 1. The smaller calibrated 𝛽 values for AVs suggest that, within the OVM approximation, AV acceleration 
responses are less dominated by the instantaneous relative-speed term. This may reflect the effects of spacing/time-headway 
regulation, response smoothing, and safety constraints in commercial AV longitudinal control (Makridis et al., 2020; Yu and Yeo, 
2025; Wang et al., 2025). Similarly, for the stopping distance 𝑠0 in Fig. 2(c), some AVs adopt a conservative driving policy with 
𝑠0 values around 15-20m, while most human drivers have 𝑠0 values below 5m.

• In addition to the heterogeneity between the HV class and the AV class, we also observe heterogeneity within each class. It is well 
understood that human drivers exhibit considerable variation in model parameters. Take the same example in Fig. 2(b), human 
drivers have speed sensitivity parameters 𝛽 ranging from 1.0 to 3.0. Similarly, commercial AVs also exhibit noticeable variation 
in microscopic parameters. For example, the distribution of the gap-sensitivity parameter 𝜏 in Fig. 2(a) shows that both AVs and 
HVs have values ranging from 5 to 20.

The heterogeneity of each AV and each HV implies that it is improper to describe mixed-autonomy traffic via multi-class models that 
takes AV as a class and HV as another class, and motivates us to propose continuous-valued flow attribute variable in this paper.
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Fig. 3. The stochasticity-related driver attribute constructed from jerk profiles. There exists a linear relationship between the 𝐶absave and 𝐶std as 
shown in (a)(c). We calculate a vehicle-attribute value 𝜔L and plot the 𝜔L values during each trajectory segment period 𝑡𝑖 as in (b)(d). The driver 
attribute also has a low constancy error(CE) and remains almost constant during the driving process. We give the result for one example AV and 
example HV of the CentralOhio dataset here. We further show in Fig. 4 that the proposed 𝜔L also remains a low CE for all vehicles over other 
datasets.

2.2.  Driver attribute: stochasticity

While drivers have a desired speed, they also exhibit uncertainty in practice. We propose a jerk-based metric to represent the 
stochastic characteristics of drivers and demonstrate that it remains approximately constant during the driving process.

For a vehicle 𝑘, we divide it trajectory into 𝑛 segments 1, 2,… , 𝑛. We consider the trajectory during the time segment 𝑖, and 
calculate the average absolute jerk: 

𝐶absave
𝑘 (𝑖) = 1

𝑇𝑖

∑

𝑡∈𝑖

|𝑗𝑘(𝑡)|, (3)

and the standard deviation of its jerk: 

𝐶std
𝑘 (𝑖) =

√

1
𝑇𝑖

∑

𝑡∈𝑖

(𝑗𝑘(𝑡) − 𝐶𝑎
𝑘 (𝑖))

2, (4)

where 𝑇𝑖 is the number of sample data in the time segment, 𝑗𝑘(𝑡) is vehicle 𝑘’s jerk at time 𝑡, and 𝐶𝑎
𝑘 (𝑖) =

1
𝑇𝑖

∑

𝑡∈𝑖 𝑗𝑘(𝑡). We find that 
for both AVs and HVs, there is a linear relationship between 𝐶absave

𝑘  and 𝐶std
𝑘 , as shown in Fig. 3(a) and in Fig. 3(c) respectively.

We solve a linear regression equation by the least-squares method as: 
𝐶std
𝑘 (𝑖) = 𝑎𝑘 + 𝐶absave

𝑘 (𝑖)𝑏𝑘. (5)

For the example AV and HV given in Fig. 3, the correlation coefficients are 0.98 and 0.95 respectively, which indicates a strong linear 
correlation between the two jerk-related values. Based on the solved regression coefficient 𝑎𝑘, we further define vehicle-𝑘’s attribute 
at each time segment 𝑖 as: 

𝜔L
𝑘 (𝑖) =

𝐶std
𝑘 (𝑖) − 𝑎𝑘
𝐶absave
𝑖 (𝑖)

. (6)

We find that the value of 𝜔L
𝑘 remains approximately constant during driving, as shown in Fig. 3(b) and (d). To quantitatively evaluate 

how much the 𝜔L
𝑘 varies during the driving process, we define a constancy error as: 

𝐶𝐸𝑘 = 1
𝑛
∑

𝑖

(

𝜔L
𝑘 (𝑖) − 𝜔L

𝑘

𝜔L
𝑘

)2

× 100%, (7)
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Fig. 4. We extract the driving stochasticity-related attribute from the jerk profile for the three datasets. The first column gives the distribution of 
constancy error (CE) of the proposed vehicle-attribute 𝜔L. Most vehicles have CE less than 10 %, which indicates that the 𝜔L remains almost constant 
and is a metric of driver attributes. The right column compares the distribution of 𝜔L for HVs and HVs. As the figures show, there is both inter-class 
heterogeneity (when we treat AVs as a class and HVs as another class) and intra-class heterogeneity (when we analyze AVs or HVs individually).

with 𝜔L
𝑘 = 1

𝑛
∑

𝑖 𝜔
L
𝑘 (𝑖) being vehicle-𝑘’s attribute value averaged over the whole driving process. The 𝐶𝐸 for the example AV and HV 

are 3.73% and 10.88% respectively. To demonstrate that the proposed jerk-based value 𝜔L is a driver attribute for all vehicles, we give 
in Fig. 4(a)(c)(e) the constancy error 𝐶𝐸𝑘 for all AVs and HVs in the three AV datasets. We see that the constancy error is distributed 
between 2% and 20%, which indicates that for both AVs and HVs, the extracted 𝜔L

𝑘 by Eq. (6) has only a small variation during 
driving, and thus can be regarded as a driver attribute.

We now analyze the differences in driving behavior between AVs and HVs. Fig. 4(b)(d)(e) present the distribution of 𝜔L
𝑘 for all 

AVs and HVs. The results reveal both inter-class heterogeneity (between AVs and HVs) and intra-class heterogeneity (among AVs or 
HVs individually).

• When treating AVs and HVs as two distinct groups, they exhibit different distribution patterns. For example, in the CentralOhio 
dataset shown in Fig. 4(f), most human drivers have 𝜔L

𝑘 ≥ 1.3, whereas a majority of AVs have 𝜔L
𝑘 ≤ 1.2. Similarly, in the CATS 

dataset Fig. 4(d), HVs exhibit values around 1.3, while the AV group centers from 1.1 to 1.2.
• At the individual level, the behavioral differences between two AVs or two HVs may be even larger the average difference between 
the two classes. For instance, in the OpenACC dataset shown in Fig. 4(b), the class averages for AVs and HVs are both around 1.2. 
However, given the full distribution range from 1.0 to 1.6, the difference between two individual vehicles can be greater than the 
class-level average difference. These findings suggest that it is inappropriate to simply classify AVs and HVs into discrete groups. 
Consequently, traditional multi-class traffic flow models are insufficient for capturing such within-class heterogeneity.
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In conclusion, the analysis on the microscopic level highlights that the heterogeneity between individual vehicles within the class, 
regardless of AVs or HVs, can exceed the average inter-class heterogeneity, which motivates the use of a continuous-valued flow 
attribute over discrete multi-class models.

3.  Macroscopic heterogeneity as traffic flow attribute

Motivated by the observation that heterogeneous microscopic behaviors arise not only between AVs and HVs but also within each 
class, we introduce a continuous-valued flow attribute to model mixed-autonomy traffic and, more importantly, propose reconstruct 
methods to obtain this attribute from data.

In macroscopic traffic flow modeling, the three basic variables are density 𝜌, flow 𝑞, and traffic speed 𝑣 = 𝑞∕𝜌. The density and 
flow are defined as the number of vehicles per unit length and per unit time respectively. By the definition, these variables provide 
information on ‘how many’ vehicles, but not ‘what type’ of vehicles. To reflect the vehicle behaviors at a macroscopic level, we 
introduce a traffic flow attribute variable 𝜔, and formulate the traffic flow dynamics as:

𝜕𝑡𝜌 + 𝜕𝑥(𝜌𝑣) = 0, (8)

𝜕𝑡𝜔 + 𝑣𝜕𝑥𝜔 = 0, (9)

𝑣 = (𝜌, 𝜔), (10)

where traffic speed 𝑣(𝑡, 𝑥) is determined by the density 𝜌(𝑡, 𝑥) and traffic flow attribute 𝜔(𝑡, 𝑥) through the two-variable fundamental 
diagram (𝜌, 𝜔). This model is refereed to as the generic second-order model (GSOM) in related work (Lebacque et al., 2007). If we set 
(𝜌, 𝜔) = 𝜔 − 𝑝(𝜌) by a suitable pressure function 𝑝(𝜌), the GSOM becomes the ARZ model. If we assume that 𝜔(𝑡, 𝑥) remains a constant 
value in the whole spatial-temporal domain, then the GSOM becomes the LWR model. In related research, several interpretations and 
corresponding reconstruction methods for the 𝜔 value has been proposed (Zhang et al., 2009; Fan et al., 2014; Mo et al., 2024), but 
they have a high computation cost that cannot be applied to real-time traffic application.
Remark 1  (Physical interpretation of GSOM as conservation laws).  The Eq. (8) is a conservation law of vehicle mass. For a road 
segment of length 𝐿 without any ramps, the number of vehicles on the road is 𝑁 = ∫ 𝐿

0 𝜌(𝑡, 𝑥)d𝑥, and the first PDE in Eq. (8) is 
equivalent as 𝑁̇(𝑡) = 𝑄in(𝑡) −𝑄out (𝑡), with 𝑄in(𝑡) and 𝑄out (𝑡) being the entering and exiting flux. The second PDE Eq. (9) in the GSOM 
can also be written as a conservation law. Combining Eqs. (8) and (9) yields: 

𝜕𝑡(𝜌𝜔) + 𝜕𝑥(𝜌𝜔𝑣) = 0. (11)

The equation shows that the density-weighted traffic flow attribute also satisfies the conservation law. We further define 𝐼(𝑡) =
∫ 𝐿
0 𝜌(𝑡, 𝑥)𝜔(𝑡, 𝑥)d𝑥, and we have 𝐼̇(𝑡) = 𝐴in(𝑡) − 𝐴out (𝑡), with 𝐴in(𝑡) = 𝑣(𝑡, 0)𝜌(𝑡, 0)𝜔(𝑡, 0) and 𝐴out (𝑡) = 𝑣(𝑡, 𝐿)𝜌(𝑡, 𝐿)𝜔(𝑡, 𝐿) being the 
weighted attributes entering and exiting the road segment. The first conservation law describes that the vehicle number is decided by 
“how many” vehicles enter and exit the road, and the second conservation law shows that the dynamics of the traffic flow attribute 
are determined by the entering and exiting attributes, i.e., the drivers “who” enter and exit the road. 

To make the GSOM model applicable in practice, it is essential to solve the following two problems. First, how to design a re-
construction method to get the traffic flow attribute from vehicle trajectories. Given a road, we divide the spatial-temporal range 
to several cells 𝑖. We denote 𝑖 as the set of vehicles in the cell 𝑖. For each cell 𝑖, analogous to Edie’s formulation of traffic 
density 𝜌𝑖 = 1

Cell area
∑

𝑘 Travel time of vehicle 𝑘 in the cell, flow 𝑞𝑖 = 1
Cell area

∑

𝑘 Travel length of vehicle 𝑘 in the cell, and the spatial-
temporal average speed 𝑣𝑖 = 𝑞𝑖∕𝜌𝑖, we find a reconstruction mapping 𝑓 from the vehicle trajectory to the flow attribute in a generic 
formulation as: 

𝜔𝑖 =
∑

𝑘∈𝑖

𝑓 (Vehicle 𝑘 motion information, such as speed, gap, acceleration). (12)

Second, how to calibrate the fundamental diagram (𝜌, 𝜔) from data. Assume that there are collected trajectories from a series 
of spatial-temporal cells 𝑖 as in Fig. 5 and corresponding reconstructed flow density 𝜌𝑖, speed 𝑣𝑖, and flow attribute 𝜔𝑖, we aim to 
calibrate the fundamental diagram via solving the constrained optimization problem:

argmin
𝜃

∑

𝑖

(

̂(𝜌𝑖, 𝜔𝑖; 𝜃) − 𝑣𝑖
)2 (13)

s.t. ̂(𝜌, 𝜔; 𝜃) ≥ 0, (14)

2𝜕𝜌̂(𝜌, 𝜔; 𝜃) + 𝜌𝜕𝜌𝜌̂(𝜌, 𝜔; 𝜃) ≤ 0, (15)

with 𝜃 being parameters in the fundamental diagram. The objective function Eq. (13) is to minimize the calibration error. The two 
constraints are imposed to ensure well-posedness of the GSOM model. The constraint (14) requires that the traffic speed is non-
negative, and the constraint (15) requires that the flow 𝑄 = 𝜌(𝜌, 𝜔) is concave.

Sections 4 and 5 formulate the trajectory-flow mapping and fundamental diagram calibration under data-rich and data-scarce 
scenarios respectively. In the data-rich scenario, we assume that there are enough historical trajectory for all vehicles to calibrate 
their driver attributes, as in Fig. 5(a). And we propose a reconstruction formulation to get the flow attribute from the driver attribute 
and current trajectories. While in the data-scarce scenario as in Fig. 5(b), only trajectory in the studied spatial-temporal cell is 
available, and we aim to find a mapping from current trajectory to the flow attribute.
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Fig. 5. We reconstruct flow attributes with abundant data and scarce data. In the abundant data scenario, there are enough historical trajectories 
for all vehicles to calibrate the driver attributes, which are used to reconstruct the flow attribute. In the more challenging scarce data scenario, we 
only have trajectories within the current spatial-temporal cell.

4.  Reconstruction of traffic heterogeneity with abundant data

In this section, we focus on scenarios with abundant traffic data and propose a formulation to get the traffic flow attribute from 
vehicle trajectories. Due to the lack of real large-scale mixed-autonomy data, we validate the proposed flow model and reconstruction 
method on real heterogeneous HV data from the experiment on a single-lane in Zheng et al. (2021). As analyzed in Section 2, the 
heterogeneity within HVs may be even larger than that between HVs and AVs. So the validation still provides insights for future 
research if large-scale mixed-traffic data becomes available.

4.1.  Reconstruction of traffic heterogeneity from driver heterogeneity

In this section, we aim to find a mapping from trajectories to flow attributes with explicitly interpretable formulation. We fo-
cus on single-lane traffic where drivers only have car-following dynamics. Corresponding to the general formation of micro-macro 
reconstruction in Eq. (12), we propose a specific formulation to calculate the flow attribute 𝜔𝑖 for a spatial-temporal cell 𝑖 as: 

𝜔𝑖 =
1
𝑁𝑖

∑

𝑘∈𝑖

𝑉 f
𝑘 ∕𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
Driver attribute

+ 1
∑

𝑘∈𝑖
𝑒−𝜔

L
𝑘

∑

𝑘∈𝑖

𝑒−𝜔
L
𝑘
(

𝑉𝑖,𝑘 − 𝑉 desired
𝑖,𝑘

)

∕𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Driver’s local behavior with interactions in traffic

, (16)

where 𝑉𝑖,𝑘 = 𝑋𝑖,𝑘∕𝑇𝑖,𝑘 is vehicle 𝑘’s local spatial-temporal average speed in the cell 𝑖 with 𝑋𝑖,𝑘 and 𝑇𝑖,𝑘 being the distance and time 
vehicle-𝑘 travels in the cell, 𝑉 f

𝑘  is vehicle 𝑘’s free-flow speed, and 𝑉 desired
𝑖,𝑘 = max

{

0, 𝑉 opt
𝑘

(

1
𝜌𝑖

− 𝑙𝑘
)}

 is vehicle 𝑘’s gap-dependent desired 
speed given current traffic density 𝜌𝑖 with 𝑙𝑘 being its length. In the reconstruction formulation Eq. (16), corresponding to the general 
formulation Eq. (12), the 𝑉𝑖,𝑘 is calculated from current trajectory, and 𝜔L

𝑘 , 𝑉 f
𝑘 , 𝑉 desired

𝑖,𝑘  are driver attributes from historical trajectories 
as we have shown in Section 2. The 𝑉 > 0 is a constant value representing the speed to render that the constructed 𝜔 is dimensionless 
and thus is consistent with Section 5. To explain the intuition and rationale behind the two terms in Eq. (16), we begin by analyzing 
collected traffic data.

We divide the 40 drivers into four groups: Group One (Drivers 1-10), Group Two (Drivers 11-20), Group Three (Drivers 21-30), 
and Group Four (Drivers 31-40). For Group One, we select cells containing all ten drivers and mark the corresponding density-speed 
scatter points in red in Fig. 6(a). For the other three groups, we follow the same procedure and mark their density-speed scatter points 
in Fig. 6(a). From Fig. 6(a), we have two key findings:

1. For Group One, its macroscopic average speed is higher than that of the other groups at the same density. Moreover, Group one 
maintains a higher speed at almost the entire range of densities.

2. For each Group, the speed also varies at the same density. Take Group One as an example, when the density is approximately 40 
veh/km, the observed speed ranges from 45 km/h to 55 km/h.

The two terms in the reconstruction of 𝜔 in Eq. (16) are designed based on the above two findings. The first finding indicates that 
some vehicles consistently exhibit higher speed regardless of density, which motivates the first term in Eq. (16) to capture such 
density-independent speed trends. We calculate the average free-flow speed 𝑉 f

𝑘  for Group One to be 30m/s; while for other groups, it 
is around 27m/s. For the second term in Eq. (16), we note that 𝑉𝑖,𝑘 is vehicle 𝑘’s actual speed, while 𝑉 desired

𝑖,𝑘  represents its desired speed 
at density 𝜌𝑖. The difference Δ𝑉𝑖,𝑘 = 𝑉𝑖,𝑘 − 𝑉 desired

𝑖,𝑘  reflects the aggressive speed presented by driver 𝑘 in current traffic conditions. With 
a larger Δ𝑉𝑖,𝑘, driver 𝑘 tends to drive faster, and thus the corresponding (𝜌, 𝑣) point will move upward in the fundamental diagram. 
We also note that for vehicle 𝑘, a higher 𝜔L

𝑘 implies more uncertainty in its driving behavior. So even if a driver has a larger Δ𝑉𝑖,𝑘, it 
may result from its more uncertain driving behavior, and thus it should contribute less to the cell value 𝜔𝑖.
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Fig. 6. Subfig(a): The scatter speed-density points for four vehicle groups. The grey points are the speed-density 𝑣 − 𝜌 points for the whole spatial-
temporal domain. Since we select cells with all vehicles in the corresponding group, there are cells unlabeled. Subfig(b): The speed-density 𝑣 − 𝜌
scatter plot with the continuous-valued flow attribute 𝜔.

We give the speed-density (𝑣 − 𝜌) scatter plot in Fig. 6(b). For the same density 𝜌, the scattered speed is approximately separated 
by the reconstructed 𝜔. The observed separation shows the potential to calibrate a fundamental diagram (𝜌, 𝜔) using 𝜌 and 𝜔 as two 
independent variables, which will give present a lower calibration error than the traditional one-dimensional 𝑉 (𝜌).

4.2.  Calibration of two-variable fundamental diagram

In this subsection, we calibrate a two-variable fundamental diagram (𝜌, 𝜔) to capture the dependency of traffic speed on density 
𝜌 and flow attribute 𝜔 by solving the constrained optimization problem in Eq. (13). Traditional optimization-based fitting methods, 
such as polynomial regression or parametric curve fitting, require a pre-determined functional form. In our case, the fundamental 
diagram (𝜌, 𝜔) involves interactions between density 𝜌 and heterogeneous driver attributes 𝜔, which may not be easily captured by 
fixed-form models. In contrast, neural networks (NNs) offer greater flexibility since there is no assumptions on the functional form of 
the fundamental diagram. Therefore, we adopt a neural network to learn the mapping from (𝜌, 𝜔) to 𝑣, allowing for accurate calibration 
without relying on restrictive assumptions about the underlying functional structure. The effectiveness of NN-based calibration for 
single-variable fundamental diagram has been shown in our previous work (Zhao and Yu, 2024). In this paper, we further extend to 
calibrate the two-variable fundamental diagram (𝜌, 𝜔).

We convert the constrained optimization problem in Eq. (13) to an unconstrained problem using the penalty method and train 
the neural network by minimizing the loss function: 

𝐿(𝜃) = 𝐿𝑑 (𝜃) + 𝑝𝐿𝑝(𝜃), (17)

where the data loss 𝐿𝑑 and the penalty loss 𝐿𝑝 are calculated based on the objective function and constraints in Eq. (13), and 𝑝 > 0
is a penalty coefficient. To evaluate the calibration accuracy, we randomly select 𝑁𝑑 points (𝜌𝑖, 𝜔𝑖, 𝑣𝑖) from all reconstructed (𝜌, 𝜔, 𝑣)
in the whole spatial-temporal domain, and get the data loss 𝐿𝑑 as the difference between the learned speed ̂(𝜌𝑖, 𝜔𝑖) and observed 
speed 𝑣𝑖: 

𝐿𝑑 = 1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
(̂(𝜌𝑖, 𝜔𝑖; 𝜃) − 𝑣𝑖)2. (18)

To constrain the learned fundamental diagram, we randomly select 𝑁𝑝 points of (𝜌𝑗 , 𝜔𝑗 ) with 𝜌𝑖 ∈ [0, 𝜌max], 𝜔𝑗 ∈ [𝜔min, 𝜔max] and get 
the penalty loss as: 

𝐿𝑝 =
1
𝑁𝑝

𝑁𝑝
∑

𝑗=1

(

min
{

0, ̂(𝜌𝑗 , 𝜔𝑗 ; 𝜃)
})2 + 1

𝑁𝑝

𝑁𝑝
∑

𝑗=1

(

max
{

0, 2𝜕𝜌̂(𝜌𝑗 , 𝜔𝑗 ; 𝜃) + 𝜌𝑗𝜕𝜌𝜌̂(𝜌𝑗 , 𝜔𝑗 ; 𝜃)
})2. (19)

The partial derivatives 𝜕𝜌 and 𝜕𝜌𝜌 are calculated using the automatic differentiation provided by the TensorFlow. The first term in 
𝐿𝑝 constrains that the fundamental diagram always have non-negative speed as required in Eq. (14), and the second term is designed 
to ensure hyperbolicity of the traffic-flow dynamics by enforcing a concave fundamental diagram as required in Eq. (15). When 
evaluating the penalty loss, the choice of the points (𝜌𝑗 , 𝜔𝑗 ) is independent of the points (𝜌𝑖, 𝜔𝑖) that are used to evaluate the data loss 
𝐿𝑑 .

We set the NN as a fully connected feedforward neural network with 3 hidden layers and 50 neurons in each hidden layer. The 
input dimension of the NN is two, one for density and one for flow attribute. The output of the NN is traffic speed. We run 50,000 
epochs of the ADAM optimizer to train the NN. To evaluate the data loss, we randomly select 60% points from all reconstructed 
(𝜌, 𝑣, 𝜔) data. To evaluate the penalty loss, we select 200 (𝜌, 𝜔) points uniformly distributed within the range [0, 𝜌max] × [𝜔min, 𝜔max]. 
We set the penalty coefficient 𝑝 as 1,000. We have found that the result is less sensitive to the choice of 𝑝, and a larger 𝑝 such as 
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Fig. 7. The calibrated fundamental diagram.

Fig. 8. The ground-truth traffic wave and simulated trajectories via the GSOM model.

Table 1 
The simulation error for the wave propagation using the 
ARZ and GSOM model.

 Density  Speed  Flow
 ARZ  30.86%  30.18 %  15.06 %
 GSOM  25.77%  24.36%  14.09 %
 Accuracy improvement  17.49%  19.28%  6.44%

10,000 and 50,000 has only margin effect on the learned fundamental diagram. To ensure consistency and robustness across datasets, 
we apply min-max normalization to the input variables of 𝜌 and 𝜔. The normalization ensures stable neural network training and 
facilitates generalization to datasets with different resolutions and scales (Huang et al., 2023).

We divide the full spatial-temporal domain into 𝑁𝑥 ×𝑁𝑡 cells, and we evaluate the calibration error using the root-mean squared 
error (RMSE): 

𝐸𝐹𝐷 =

√

√

√

√

√

1
𝑁𝑥𝑁𝑡

∑

𝑖

(

̂(𝜌𝑖, 𝜔𝑖; 𝜃) − 𝑣𝑖
𝑣𝑖

)2

× 100%. (20)

We get the calibration error as 𝐸𝐹𝐷 = 12.2%, which shows that the two-variable fundamental diagram provides an accurate calibration 
of traffic systems. We present the calibrated fundamental diagram in Fig. 7. We also numerically solve the GSOM Eqs. (8)-(9) with 
the learned fundamental diagram. We denote the simulated density, speed and flow as 𝜌̂, 𝑣̂, 𝑞 respectively. We set the initial condition 
𝜌̂(0, 𝑥) and 𝜔̂(0, 𝑥) the same as observed data 𝜌(0, 𝑥) and 𝜔(0, 𝑥). Since it is a ring road, we use periodic boundary conditions. We give 
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in Fig. 8 the ground truth and simulated traffic states. We see that the GSOM model captures the wave propagation. We quantitatively 
measure the model error as 

𝐸𝑌 =

√

√

√

√

√

1
𝑁𝑥𝑁𝑡

∑

𝑖,𝑗

(

𝑌𝑖 − 𝑌𝑖
𝑌𝑖

)2

× 100%, (21)

with 𝑌 = 𝜌, 𝑣, 𝑞. We also run numerical simulations for the ARZ model and compare the model error for ARZ and GSOM in Table 1. As 
the results show, by considering traffic heterogeneity, the GSOM model provides a more accurate estimation of all three macroscopic 
traffic values: density, speed and flow. For example, the speed simulation error using the GSOM is reduced up to 20 %.

5.  Reconstruction of traffic heterogeneity with scarce data

In the previous analysis, we design a micro-to-macro framework that reconstructs the flow attribute from current trajectories and 
microscopic driver attributes that are calibrated from historical trajectories. The previous analysis relies on trajectory data collected 
in experimental settings, where sufficient data are available for detailed behavioral analysis as in Fig. 5(a). However, in real-world 
traffic, vehicle trajectories are often observed over only short time intervals, and there is little or even no historical data available to 
construct accurate microscopic behavioral attributes. In this section, we further extend the proposed micro-to-macro formulation to 
scarce data traffic scenarios where only current trajectories are available as in Fig. 5(b).

We use the NGSIM (FHWA, 2007) and TGSIM (Talebpour et al., 2024) datasets. These datasets are collected in real highway, and 
therefore, for newly arrived vehicles, there are no available historical trajectories to calibrate the microscopic attributes. The NGSIM 
dataset is collected on the eastbound I-80 freeway in Emeryville, California, using video recordings. The segment is approximately 
500m long and consists of six lanes. Vehicle trajectories are provided at a temporal resolution of 0.1 s. We use the three datasets 
collected duing three 15-min time periods: 04:00-04:15, 05:00-05:15, and 05:15-05:30, which cover various traffic conditions ranging 
from free flow to congested regimes. The TGSIM dataset offers mixed-traffic driving scenarios using high-resolution 8K aerial videog-
raphy from helicopters. We use three datasets: I90-I94 Stationary, I90-I94 Movings, and I294 L1. The I90-I94 Stationary dataset 
collects trajectory via a hovering stationary helicopter. This dataset covers a 1.3 km segment. Two SAE Level 2 ADAS-equipped vehi-
cles are set to drive through the segment. The I90-I94 Moving dataset covers a 4 km long segment. Three SAE Level 2 ADAS-equipped 
vehicles travel on the road (one at a time). Once a vehicle finishes the segment, the helicopter will return to the beginning of the 
segment to follow the next SAE Level 2 ADAS-equipped vehicle. The I-294 L1 dataset covers a 4.8 km section of the Illinois Tollway 
with four lanes in each direction. Three SAE Level 1 ADAS-equipped vehicles travel as a vehicle chain.

5.1.  Reconstruction of traffic heterogeneity from trajectory

In the data-scarce scenario, since there is little or even no historical trajectory data to calibrate the microscopic driver attributes 
as we have done in Eq. (16), we aim to find a mapping from current trajectories in the studied spatial-temporal cell to corresponding 
flow attributes as in Fig. 5(b). In the following studies, we treat multi-lane road as one general lane, and the spatial-temporal cells 
include vehicle trajectories on all lanes.

We get the micro-macro mapping via the following two-steps. First, we get 𝜔 value from collected 𝜌 − 𝑣 data. Second, we build 
and learn a neural network that maps vehicles’ behavior to traffic flow attributes. In the training process, the method follows a macro-
then-micro procedure, i.e., we first analyze macroscopic traffic and then learn how microscopic driving behavior maps to macroscopic 
traffic flow attributes. But after we have finished the training process, the neural network works in a micro-then-macro step, i.e., we 
collect vehicles’ driving trajectory and then get a traffic flow attribute value via forward propagation of the trained neural network. 
The detailed procedures of the two steps are introduced as follows.

In the first step, we assume that the 𝜔 value implies the scaling factor for speed, i.e., there exists a one-dimensional 𝑉 (𝜌) such 
that 

(𝜌, 𝜔) = 𝜔𝑉 (𝜌). (22)

We solve the  Eq. (13) and get the one-dimensional fundamental diagram 𝑉 (𝜌). From the calibrated fundamental diagram 𝑉 (𝜌), for 
each spatial-temporal cell indexed by 𝑖, we get the traffic flow attribute value 𝜔𝑖 as: 

𝜔𝑖 = 𝑣𝑖∕𝑉 (𝜌𝑖). (23)

The 𝜔 value is used as the ground-truth value to train a neural network that maps from microscopic trajectories to macroscopic flow 
attribute values.

In the second step, we build a neural network with trainable parameter 𝜃𝜔. The NN takes trajectory-related values as input and 
outputs the reconstructed traffic flow attribute 𝜔 value. For each cell 𝑖, we denote 𝑖 as the set of vehicles that travel within the cell. 
For each vehicle 𝑘 ∈ 𝑖, we extract a trajectory feature vector 𝑓𝑖,𝑘 from the collected trajectory. For each vehicle, the NN outputs a 
value 𝜔̂(𝑓𝑖,𝑘; 𝜃𝜔) that reflects how these driver attributes affect the traffic flow dynamics. The overall flow attribute value in a cell 𝑖
is the sum of attributes of all vehicles within the cell, i.e., the NN estimated traffic flow attribute is 

𝜔̂𝑖(𝜃𝜔) =
∑

𝑘∈𝑖

𝜔̂(𝑓𝑖,𝑘; 𝜃𝜔). (24)
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Fig. 9. The fundamental diagram separated by the learned traffic flow attribute for the TGSIM dataset.

The NN is trained with the loss function: 𝐿(𝜃𝜔) =
∑

𝑖
(

𝜔̂𝑖(𝜃𝜔) − 𝜔𝑖
)2.

To get the mapping from vehicle trajectory to traffic flow attribute, we set the vehicle feature 𝑓𝑖,𝑘 for vehicle 𝑘 in the cell 𝑖 as a 
seven-dimensional vector: 

[

𝜌𝑖, 𝑣
ave
𝑘 (𝑖), 𝑣std𝑘 (𝑖), 𝑎ave𝑘 (𝑖), 𝑎std𝑘 (𝑖), 𝐶absave

𝑘 (𝑖), 𝐶std
𝑘 (𝑖)

]

∈ ℝ7, (25)

where 𝜌𝑖 is the cell density, 𝑣ave𝑘 (𝑖) and 𝑣std𝑘 (𝑖) are the average value and standard deviation of its speed profile in the cell, 𝑎ave𝑘 (𝑖)
and 𝑎std𝑘 (𝑖) are the average value and standard deviation of its acceleration profile in the cell, 𝐶absave

𝑘 (𝑖) and 𝐶std
𝑘 (𝑖) are the average 

of the absolute value of is jerk profile and the standard deviation of its jerk profile as we have defined in Eqs. (3) and (4). For 
the first feature, the cell density is calculated via the Edie’s formula, and it reflects the overall traffic condition within the cell. For 
the last six features, they are calculated directly from the vehicle trajectories within the cell, without any information about the 
vehicles’ historical motion. We note that the last two features have been used to get driver’s attribute 𝜔L in Section 2. We directly use 
𝐶absave and 𝐶std instead of 𝜔L in this Section. This is because that in the scarce data scenario, for a new-arriving vehicle, its 𝜔L value 
requires historical trajectory, which is unavailable. And the 𝐶absave and 𝐶std values are available directly from its current trajectory. 
To summarize, all elements in the vehicle feature vector 𝑓𝑖,𝑘 are obtained only using vehicle trajectories within the current cell 𝑖. We 
use a feed-forward fully connected neural network with 7 hidden layers and 50 neurons in each hidden layer. The output of the NN 
is the one-dimensional vehicle trajectory feature. We note that after the training is finished, the traffic flow attribute is reconstructed 
via forward calculation using the learned NN, which has a low computation cost.

In Fig. 9, we give the scatter plot of 𝜌 − 𝑣 and 𝜌 − 𝑞 separated by the learned 𝜔̂ value on the TGSIM dataset. We see that the 
proposed method presents a clear separation for the fundamental diagram. We also test the proposed method using the NGSIM dataset, 
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Fig. 10. The fundamental diagram separated by the learned traffic flow attribute for the NGSIM dataset.

Table 2 
The calibration error (%) for one-variable fundamental diagram and two-variable fundamental dia-
gram.

 NGSIM  TGSIM
 04:00-04:15  05:00-05:15  05:15-05:30  I90-I94 Stationary  I90-I94 Movings  I-294

𝑉 (𝜌)  8.50  11.16  12.19  11.10  18.21  21.74
(𝜌, 𝜔)  1.46  1.65  1.86  2.45  2.11  2.02

and we plot the result in Fig. 10. We give the calibration error on these two datasets in Table 2. The results show that the proposed 
method learns an accurate mapping from microscopic vehicle features to macroscopic traffic flow attributes.
Remark 2  (Comparison of the two reconstruction methods with abundant data or scarce data).  Although the reconstruction 
procedures differ between Sections 4 and 5, both aim to construct a unified pipeline that obtains the traffic flow attribute 𝜔 from 
vehicle trajectories and calibrates the two-dimensional fundamental diagram (𝜌, 𝜔) as in Fig. 1. In Section 4, we directly obtain 
𝜔 value from vehicle trajectories and then fit the fundamental diagram (𝜌, 𝜔). In contrast, neither 𝜔 nor the functional form of 
(𝜌, 𝜔) is directly observable in  Section 5. Jointly learning both from the available data is therefore ill-posed, as it admits infinitely 
many solutions. For example, if (𝜌, 𝜔) is a valid solution, then any reparameterization 𝜔̃ = 𝑔(𝜔) leads to an equivalent solution 
(𝜌, 𝑔−1(𝜔̃)), where 𝑔−1 is the inverse mapping of 𝑔. To address this ambiguity, we assign a physical interpretation to 𝜔 based on prior 
analysis in Section 4, where the heterogeneity is primarily attributed to variations in the maximum speed. Accordingly, we assume 
a multiplicative form of the fundamental diagram as in Eq. (22) and obtain 𝜔 from observed (𝜌, 𝑣) data. In both cases, the proposed 
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heterogeneity-dependent fundamental diagram (𝜌, 𝜔) consistently captures the macroscopic traffic behavior and ensures coherence 
across modeling.

A notable difference between the two settings can also be observed from the resulting fundamental diagram, as shown in Fig. 9 
and Fig. 6(b). In the abundant-data scenario shown in Fig. 6(b), different values of 𝜔 tend to appear in specific density regimes, i.e., 
the distribution of 𝜔 is not uniform over 𝜌. This is because 𝜔 is reconstructed from intrinsic driver attributes, and the observed pattern 
reflects how drivers with different characteristics operate under different traffic densities. In contrast, in the scarce-data scenario, 
each 𝜔 value spans the full range of densities as in Fig. 9. The definition of 𝜔 in Eq. (22) effectively normalizes speed with respect to 
density and removes the dependence of 𝜔 on 𝜌. As a result, the learned 𝜔 represents a heterogeneity factor that is largely decoupled 
from density, leading to a more uniform distribution across traffic states. The observed difference of fundamental diagrams in the 
two scenarios reflects the distinct reconstruction methods adopted in each setting: traffic heterogeneity is explicitly characterized by 
physically interpretable driver attributes when data is abundant, whereas it is implicitly captured through data-driven inference from 
limited trajectory observations in the scarce-data setting. 

5.2.  Mixed traffic analysis

A key advantage of the proposed reconstruction framework is its ability to reconstruct macroscopic traffic flow attributes directly 
from existing mixed-autonomy trajectory data, even when the data is sparse, incomplete, and unbalanced across vehicle classes. In 
current real-world traffic, mixed-autonomy datasets such as TGSIM contain only a small number of experimental AVs, and continuous 
historical trajectories for individual vehicles are generally unavailable. The proposed framework overcomes this limitation by learning 
a direct mapping from trajectory features within the current spatial-temporal cell to macroscopic flow attributes. In contrast to 
traditional macroscopic traffic flow validation approaches, which require dense Eulerian measurements over entire road segments, 
our method only uses locally available Lagrangian trajectories as in Eq. (12) and therefore aligns naturally with the data collection 
mechanisms of mixed-autonomy traffic.

In this part, we utilize the proposed method to analyze the macroscopic traffic flow attributes to show how AVs affect traffic flow. 
We use the TGSIM dataset, where AVs travel with HVs in real highways. In Fig. 11, we compare the distribution of driver attributes 
and the scatter plot of density-speed and density-flow for two datasets in TGSIM: I90-I94 Stationary and I294 L1. We neglect the 
I90-I94 Moving dataset for this part, since it collects traffic data around the probe AVs. Therefore, almost all data corresponds to 
mixed traffic. Fig. 11(a) and (d) give the distribution of driver attributes of AVs and HVs in the two datasets. Fig. 11(b) and (e) plot the 
density-flow scatter, where green points represent cells containing only HVs, while red points represent mixed cells containing both 
AVs and HVs. Comparing these two datasets, we see that in the I90-I94 Stationary dataset, AVs exhibit a narrower distribution range as 
in Fig. 11(a). The fundamental diagram in Fig. 11(b)(c) shows that mixed cells also exhibit a reduced scatter range, suggesting lower 
macroscopic heterogeneity. For the I-294 dataset, AVs and HVs exhibit approximately the same distribution range of microscopic 
attributes as in Fig. 11(d). Correspondingly, the fundamental diagram in Fig. 11(e)(f) indicates that pure HV traffic and mixed traffic 
exhibit a similar scatter range. These findings suggest that heterogeneity serves as a bridge between microscopic and macroscopic 
traffic dynamics. Reduced heterogeneity in microscopic vehicle motion leads to reduced heterogeneity in macroscopic traffic flow. 
Moreover, heterogeneity does not lie only between AVs and HVs, but rather among individual vehicles.

Fig. 11. The fundamental diagram of the TGSIM dataset. The green points correspond to the cells that only contain HVs, and the red points are 
from the traffic states for cells that contain both AVs and HVs.
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Fig. 12. The test error when using different proportion data as the training data.

Fig. 13. The density-speed scatter plot when we only select 10% as the training data.

Fig. 14. The density-speed scatter plot when we only select these data within a given range of density as the training data.

5.3.  Sensitivity analysis

In this part, we conduct sensitivity analysis to analyze the performance of the designed reconstruction method under varying 
conditions.

5.3.1.  The effect of training data
In the previous simulation, we randomly select 80 % data from all cells as the training data and other 20 % data is used as the 

test data. In Fig. 12, we vary the proportion of training data from 1 % to 90 % and plot the calibration error evaluated on the test 
data. The single FD gives a calibration error around 20 %. We see that with a scarce data, the proposed reconstruction method still 
present a calibration error lower than 14 %. In Fig. 13, we give the scatter plot when we only use 10% data as the training dataset. 
The low calibration error and clear separation in the fundamental diagram demonstrate that the proposed algorithm can effectively 
learn a micro-to-macro mapping even with scarce trajectory data.

We also test the generalization ability of the proposed method on different traffic conditions. We generate the training data from 
these cells whose density is within the given range of 100 veh/km to 150 veh/km. And other cells are used as test data. Fig. 14 gives 
the scatter fundamental diagram on both the training data and test data. The calibration error on the test data is 2.65%. We see 
that the proposed method can generalize to unseen both more free traffic conditions (density is smaller than 100 veh/km) and more 
congested traffic (density is larger than 150 veh/km). We further shows the probability distribution of the calibration error under 
varying traffic conditions in Fig. 15. We see that when applying the proposed micro-macro mapping to unseen traffic conditions, 
a majority of the calibration error is smaller than 20 %, which is approximately the calibration error when using a single FD. For 
example, when the free traffic with density smaller than 100 veh/km (blue color in Fig. 15), we see that nearly 90 % of the calibration 
error is less than 10 %. For the congested traffic given in orange color corresponding to density between 150 veh/km to 200 veh/km, 
a majority of the calibration error is also lower than 10 %. We also note that, as the difference between the training data and test 
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Fig. 15. Distribution of the fundamental diagram calibration error under varying traffic conditions. The legend gives the range of traffic density (in 
veh/km). We use traffic data whose density is within 100 veh/km to 150 veh/km as the training data. More free traffic (density smaller than 100 
veh/km) and more congested traffic (density higher than 150 km/h) are used as the test data.

Fig. 16. The density-speed scatter plot when we only select these data with 𝜔 > 1 as the training data.

Table 3 
Calibration error on the test data (%).
 Name  Error  Name  Error
∖ ∖  MACRO  13.59
 MICRO-v  14.52  MACRO-v  1.93
 MICRO-j  14.99  MACRO-j  9.96
 MICRO-a  15.09  MACRO-a  11.17
 MICRO  10.79  ALL  2.02

data increases, the test error also increases. For example, when the test density is higher than 200 veh/km, the calibration error has 
a wider range of distribution, but still with a majority smaller than 20 %. These results indicate that the proposed method can also 
build an accurate micro-macro mapping with unseen traffic conditions.

In Fig. 16, we generate the training dataset by only keeping these cells whose 𝜔 value is greater than one. And those cells with 
𝜔 < 1 are taken as the test data. The calibration error on the test data is 2.84 %. Fig. 16 gives the result on the training and test 
data. We see that there is also a clear separation on the test data. Therefore, when there are more aggressive drivers, the proposed 
reconstruction method still brings an accurate mapping from microscopic trajectories to macroscopic attributes.

5.3.2.  The effect of vehicle features
In previous simulation, the vehicle feature include mainly four parts: traffic density, vehicle speed, vehicle acceleration, and 

vehicle jerk. In this part, we analyze how the choice of vehicle features affect the calibration error. We consider three types of 
variants:

• MACRO: we only use traffic density as the feature, and the feature is a thus a scalar value.
• We only use those features from the single vehicle trajectory.

– MICRO-v: we only use the average and standard deviation of the vehicle’s speed profile.
– MICRO-a: we only use the average and standard deviation of the vehicle’s acceleration profile.
– MICRO-j: we only use the average, average of absolute, and standard deviation of the vehicle’s speed profile.

• Mixed with both macro density and micro values:
– MACRO-v: we use the cell density, average of the vehicle’s speed, and the standard deviation of its speed.
– MACRO-a: we use the cell density, average of the vehicle’s acceleration, and the standard deviation of its acceleration.
– MACRO-j: we use the cell density, average of the vehicle’s jerk, average of the absolute values of its jerk, and the standard 
deviation of its jerk.
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Fig. 17. The fundamental diagram calibration error under different training datasets and different choices of features that used to map to the 
macroscopic traffic flow attribute.

Fig. 18. The fundamental diagram calibration error with different NN size. We see that the proposed method has a low calibration error even with 
a simple neural network structure.

– ALL: we use all features, i.e., the feature is a eight-dimension vector.

We randomly select 80 % data as the training data and report in Table 3 the calibration error on the test data for different 
variants of the proposed method. In each row, we use the same trajectory feature and compare the calibration error for micro-only 
vs micro+macro. As the result show, incorporating surrounding traffic information (i.e., cell density) greatly reduces the test error. 
For example, in the second row, when we only use speed average and speed standard deviation as vehicle features, i.e., MICRO-v, the 
calibration error is around 15 %. But when we also incorporate traffic density into the vehicle feature, the calibration error reduces to 
around 2 %. Comparing the errors for the first column, we see that the MICRO, which incorporates features from speed, acceleration, 
and jerk, gives the lowest calibration error. Comparing results in the third column, we see the MACRO-v, which use three features 
of density, speed average, speed standard deviation, and the ALL, which uses density and all features from speed, acceleration, and 
jerk, give the lowest calibration error. The comparison of calibration error implies that the speed information is the main features 
when we map from microscopic trajectories to macroscopic flow attributes.

In Fig. 17, we further compare the test error by different variants on different training datasets. We consider three training datasets: 
‘Random’ where 30 % of data is randomly selected as the training data, ‘Density’ where cells whose density is within 100 veh/km to 
150 veh/km are the training data, and ‘Omega’ where cells with 𝜔 > 1 are selected as training data. We see that in the Random case, 
the MICRO-v has a slight improvement over ALL. But for the Density and Omega case, where the test data contains unseen traffic 
conditions, the ALL version gives a lower calibration error than MICRO-v. Therefore, ALL that contains traffic density information 
has a better generalization ability.

5.3.3.  The effect of the NN size
We run simulations with varying numbers of hidden layers and neurons to analyze how the proposed micro-macro mapping 

method works under different NN sizes. We give the test error in Fig. 18. In Fig. 18(a), we fix the neuron numbers in each hidden 
layers and run simulations when the number of hidden layers changes. In Fig. 18(b), we fix the number of hidden layers and change 
the neuron numbers in each hidden layer. Increasing the hidden layers or the number of neurons brings a lower error, which agrees 
with naive intuition. We also note that even using a very small network with only 2 hidden layers and 5 neurons in each hidden layer, 
we still have an accurate calibration with the calibration error lower around 4 %. With such a straightforward and easy-to-implement 
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neural network structure, the training computation cost is very low, and the proposed method can be easily applied to practical traffic 
systems.

6.  Conclusion

In this paper, we utilize heterogeneity in mixed-autonomy traffic and bridge the gap between Lagrangian trajectory data and 
Eulerian traffic flow models. We demonstrate that heterogeneity exists not only between AVs and HVs but also within each class 
individually. And the heterogeneity between individual vehicles, regardless of AVs or HVs, can exceed the average inter-class hetero-
geneity, which motivates the use of a continuous-valued traffic-heterogeneity flow attribute over discrete multi-class models. Based 
on real trajectory data, we design a micro-to-macro mapping that incorporates drivers’ attributes and local behavioral features to re-
construct flow attributes. The mapping provides insight into how AV controllers influence mixed traffic flow and offers a macroscopic 
formulation that can integrate AV-collected data. We also extend our approach to address the more challenging scenario of scarce 
data availability by designing a data-driven reconstruction mapping. Analysis using real trajectory data validates the effectiveness of 
the proposed mapping in capturing microscopic-macroscopic relations. We also show that the model exhibits strong generalization 
capability when applied to unseen traffic conditions.

This work provides several promising directions for future research. First, while we adopt a fully connected neural network in this 
study, exploring more advanced architectures such as graph-based or attention-based networks, may improve the interpretability of 
the mapping. Second, alternative methods for extracting driver attributes from trajectory data can be investigated. In this work, fea-
tures are computed using statistical measures (e.g., average and standard deviation) over the full trajectory, which requires complete 
driving records. Incorporating other features could enhance robustness against data noise or temporary data unavailability caused 
by communication failure. Third, while wave propagation prediction is an important application of macroscopic traffic flow models, 
we only validate the flow pattern prediction in Section 4 on heterogeneous HV dataset. The traffic-wave propagation of mixed traffic 
dynamics have not been covered in this paper, since the mixed-autonomy TGSIM dataset provides trajectory data only for localized 
roadway segments, lacking the full spatiotemporal coverage required for such validation. We instead validate our model through the 
fundamental diagram in Section 5. Using the proposed attribute-based model to capture wave propagation of mixed traffic will be of 
future interest when large-scale spatiotemporal datasets become available.
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Appendix A.  Data collection and features of the datasets

The Ring dataset was collected in Beijing, China (Zheng et al., 2021). The authors conducted an experiment on an 800-meter ring 
road and collected the trajectories of 40 participating human drivers over a period of approximately 20 min. The measurement errors 
for position and speed were 1m and 1 km/h, respectively. The sampling rate was 10 Hz.

The CATS dataset was collected by Shi and Li (2021) using a Lincoln MKZ autonomous vehicle. The AV traveled on SR-56 in Florida, 
USA. The data was collected at a sampling rate of 1 Hz, with a position accuracy of 0.26m and a speed accuracy of 0.089m/s. The 
OpenACC dataset (Makridis et al., 2021) was collected by the European Commission’s Joint Research Center across Hungary, Italy, 
and Sweden. Various commercial ACC vehicles were used to collect the data, including the Tesla Model 3, BMW X5, Toyota RAV4, 
and Mercedes A-Class. The sampling rate ranged from 3 Hz to 100 Hz. The position accuracy ranged from approximately 0.02m to 
0.5m, and the speed accuracy was around 1 km/h. The CentralOhio dataset was collected in Ohio, USA (Xia et al., 2023; Seitz et al., 
2024). The measurement errors for position and speed were approximately 1m and 0.1m/s, respectively.

The distributions of vehicle speed and gap in the datasets are shown in Fig. A.1. The results indicate that the collected data 
span a wide range of traffic scenarios. The speed profiles include complete stops (i.e., zero speed), as seen in CATS Fig. A.1(c) and 
CentralOhio Fig. A.1(d). They also capture free-flow conditions with high speeds around 30m/s, as in OpenACC Fig. A.1(b). The wide 
range in the gap distributions further demonstrates that the datasets cover diverse traffic conditions.
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Fig. A.1. Speed and gap distribution in datasets.

Appendix B.  Car-following model calibration

We run generic algorithms to calibrate the OVM car-following model Eq. (1). For a vehicle 𝑖, the objective function is to minimize 
the calibration error for the gap and speed: 

∑

𝑗

(

𝑠̂𝑖(𝑡𝑗 ) − 𝑠𝑖(𝑡𝑗 )
)2 + 𝛼

(

𝑣̂𝑖(𝑡𝑗 ) − 𝑣𝑖(𝑡𝑗 )
)2, (B.1)

where 𝑗 denotes the time step, and 𝛼 = (𝑠∗𝑖 ∕𝑣
∗
𝑖 )

2 is the coefficient with 𝑠∗𝑖  and 𝑣∗𝑖  being the average gap and speed of the trajectory. 
We set the range for the OVM parameters as: 𝜏 ∈ [0, 20], 𝛽 ∈ [0, 5], 𝑠0 ∈ [1, 20], 𝑇 ∈ [0, 5], 𝑉 f ∈ [0, 50]. We run the generic algorithm 
for 500 iterations. We evaluate the calibration accuracy via: 

𝐸𝑠 =
∑

𝑗 (𝑠̂(𝑡𝑗 ) − 𝑠(𝑡𝑗 ))2
∑

𝑗 (𝑠(𝑡𝑗 ))2
× 100%, 𝐸𝑣 =

∑

𝑗 (𝑣̂(𝑡𝑗 ) − 𝑣(𝑡𝑗 ))2
∑

𝑗 (𝑣(𝑡𝑗 ))2
× 100%. (B.2)

Fig. B.2. Calibration error of the OVM.
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Fig. B.3. Distribution of calibrated IDM car-following model parameters for HV and AV.

We choose not to use the RMSE as 
(

𝑣̂(𝑡𝑗 )−𝑣(𝑡𝑗 ))2

𝑣(𝑡𝑗 )

)2
 since the vehicle is at stop, i.e., 𝑣(𝑡) = 0, during some time periods. We present 

the calibration error in the four datasets in Fig. B.2. The results show that for the three AV datasets, the calibrated OVM accurately 
describes car-following dynamics, with the gap error less than 10 % and the speed error less than 1 %. For the HV Ring dataset, 
the calibration error is higher, as human drivers exhibit more uncertain driving behaviors that are difficult to formulate accurately. 
Nevertheless, the OVM model still provides an accurate representation of the trajectory. For the gap, the majority of the error is lower 
than 10 %. And for speed, the error is around 1 %.

We also calibrate the IDM model and give the calibrated free-speed 𝑣0, time gap 𝑇 , minimum spacing 𝑠0 in Fig. B.3. Similar to the 
results in Fig. 2 with OVM, there exists heterogeneity not only in the AV-class and HV-class, but also within both classes. 
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